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ABSTRACT
Observations of black hole binaries via the emission of gravitational waves are one of the most
exciting discoveries in physics in the past 50 years. The most generic black holes in nature are ones
with spin, which may be misaligned with the orbital angular momentum of the binary, and also
orbital eccentricity. This demands computationally inexpensive and accurate models of spinning
binary black holes for hundreds of orbits as the binary inspirals.
This dissertation is divided into two projects, both of which focus on binary black holes with
spin. In the first project, I construct and present a new global, fully analytic, approximate spacetime
which accurately describes the dynamics of nonprecessing, spinning black hole binaries during the
inspiral phase of the relativistic merger process. This approximate solution of the vacuum Einstein’s
equations can be obtained by asymptotically matching perturbed Kerr solutions near the two black
holes to a post-Newtonian metric valid far from the two black holes. This metric is then matched
to a post-Minkowskian metric even farther out in the wave zone. The procedure of asymptotic
matching is generalized to be valid to all times, instead of a small group of initial hypersurfaces
discussed in previous works. I then re-examine the asymptotic matching in the case of precession
of the spins, allowing for generically spinning black hole binary metrics. This metric is well suited
for long term dynamical simulations of spinning black hole binary spacetimes prior to merger, such
as studies of circumbinary gas accretion which requires hundreds of binary orbits.
In the second project, I present a method for developing and calculating the gravitational wave-
forms from generically spinning, black hole binaries, with significant orbital eccentricity. I use the
Lagrangian formulation of the post Newtonian equations of motion in the harmonic gauge for the
generation of precessing, eccentric gravitational wave signatures. The equations of motion describ-
ing the black hole binary system are important to our understanding of fundamental relativity, for
both the context of supermassive black holes as well as stellar mass systems. If gravitational wave
measurements are able to measure a non-negligible eccentricity from the binary, this may point to
a unique formation model through relativistic 3-body interactions in dense stellar fields, which will
impart occasionally significant eccentricity. This provides insight into the formation history of the
binary, and explicitly the last dynamical effect the binary experienced before merging.
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CHAPTER 1
INTRODUCTION
1.1 Motivation
This dissertation focuses on analytic work for understanding and constructing binary black holes
in the most generic case: ones with spins, precessing spins, and eccentricities. The monumental
discovery of gravitational waves from a binary black hole coalescence and colliding neutron stars by
the Laser Interferometer Gravitational Wave Observatory (LIGO) has opened up the field of grav-
itational wave astronomy, providing strong justification for the study of the inspiral and merger of
compact binary systems (both black holes and neutron stars). If we are able to detect non-negligible
eccentricity and spins from a compact binary, this may point us towards a unique formation model
through relativistic 3-body interactions in dense stellar fields, and can tell us specifically about
the last dynamical interaction prior to detection. The modeling of eccentric binaries is relevant to
more than just the LIGO experiment. The third generation of ground based gravitational wave
detectors such as the proposed Einstein Telescope and the Cosmic Explorer will have far better
signal at low frequencies, when the effects of eccentricity will be most pronounced. In addition, the
planned future space based detector Laser Interferometer Space Antenna (LISA) will be sensitive
to low frequency (millihertz band) events, and may also require the use of eccentric binary models
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to accurately predict the outcome of such mergers (D’Orazio and Samsing, 2018).
My work is important to the field because we require accurate models that account for all of the
physics present in the merger for the detection of binary black holes. This is an eight dimensional
parameter space, which include generic masses, spins, and orbital eccentricity of the binary. In
the inspiral phase of the binary, many orbits are required to extract physical parameters, which
is impractical for expensive numerical simulations, therefore requiring analytical methods that are
developed in this dissertation. If models for these binaries do not account for physics that is present,
such as eccentricity or spin effects, observational experiments may not be able to find them.
In the case of supermassive black holes that reside in the centers of galaxies (Gu¨ltekin et al.,
2009), supermassive black hole binaries (BHBs) will form and have additional physics involved.
Specifically, electromagnetic (EM) radiation and gas dynamics become important. I use analytic
techniques to construct a hybrid method for solving the spacetime of these supermassive BHBs to
be used for numerical simulations of gas and EM for many se quential orbits.
Evolving these supermassive black hole systems is a crucial step for our understanding and
study of galactic core dynamics. Galaxies will undergo mergers as the universe evolves (Frenk et al.,
1985; Bardeen et al., 1986); therefore, the central supermassive black holes will form a bound pair,
and eventually merge from the emission of gravitational waves. Solving for supermassive black hole
binaries requires evolving the Einstein equations for the black holes, plus the magnetohydrodynamic
equations in a gaseous envrionment (combined, we call this GRMHD) that must be integrated to
dictate how matter moves, what kinds of shocks and accretion can occur, and what electromagnetic
waves leave the system. The spacetime I construct is required for GRMHD simulations to run for
many orbits (potentially hundreds), to study the gas dynamics in sufficient detail to enable EM
observations around supermassive BHBs. The results from these simulations can then be passed
to astrophysicists to look for potential EM signatures from these sources.
The work for my projects requires the extensive use of the theory of general relativity, and
therefore demands a significant amount of discussion to properly motivate. In this chapter, I
introduce the basic concepts of the theory of general relativity, along with several of its predictions,
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such as black holes, black hole binaries, and gravitational waves. I then discuss the projects I
undertook in this dissertation, and layout the overall structure of the dissertation.
1.2 Introduction to General Relativity
Albert Einstein introduced the theory of general relativity to the Prussian Academy of Sciences
on 25 November, 1915, just over 100 years ago. This was based on his realization 1 that “The
outcome of any local, non-gravitational test experiment performed by a freely-falling observer is
independent of the velocity of said observer and independent of when and where the experiment is
conducted”. This is known as Einstein’s equivalence principle.
The laws of physics in general relativity are dictated by the Einstein equivalence principle and
by: 1) the principle of general covariance, a concept that states that the laws governing nature
should be expressible in such a way that they are invariant of the labels that mere mortals (read,
humans) put on quantities to measure them (conventionally called a coordinate system), and 2)
that the laws of physics reduce to those of special relativity when the metric is flat.
Special relativity, described by Einstein in 1905 (Einstein, 1905), says that shifts by constant
velocities could be incorporated into a more generic set of transformations - the Lorentz transfor-
mations. Special relativity has two major axioms at its core; the first is that all the laws of physics
are the same in all inertial frames (an inertial reference frame is defined to be an observer that feels
no external forces in its own reference frame. In addition, inertial observers move on geodesics, or
straightest possible paths, of the spacetime 2), and the second is the speed of light c must be the
same in all inertial frames.
In general relativity, we adopt geometric units, where we set the speed of light c ≡ 299 792 458ms−1
and the universal gravitational constant G ≈ 6.67 × 10−11m3kg−1s−2 equal to 1. These two rela-
tions lead to a conversion between units, such as kg = 6.67 × 10−11 × (3 × 108)2m, for example.
1Later he would say that this was his “happiest moment”.
2In 1905, the notion of a geodesic as being the “straightest” line possible was an unfamiliar one. Thus, Einstein
referred to this as an unaccelerated observer moving in a straight line.
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When we do this, our units scale out of any given problem. As a nice example of the geometrized
units, take the mass of the sun, 1M = 1.989× 1030 = 1.477 km = 4.926× 10−6 s, showing us the
conversion from mass to time or distance and vice versa. Physically, we are motivated to use these
units because we wish to mathematically treat space and time equally when formulating general
relativity.
Where indices are used in general relativity, it is implied that we will use the Einstein summation
convention:
ωaV
a ≡
n∑
a=0
ωaV
a = ω0V
0 + ω1V
1 + ...+ ωnV
n. (1.1)
Indices in general relativity have four components (three spatial and one temporal), indicating the
coordinates of spacetime. Greek indices (µ = 0...3) represent spacetime indices (with the first index
being the timelike dimension), Latin indices (i = 1...3) represent spatial indices. Generic indices will
be represented by the first letters of the Latin alphabet (a, b, c, ...) where needed. Interchangeably,
we can substitute specific coordinate labels (t, x, y, z), i.e., V t ≡ V 0, Gxy ≡ G12, and so on. It is
important to note that if indices appear in an expression without being repeated, they are referred
to as free indices, and if they are repeated (implying that they are summed over), they are referred
to as dummy indices.
Einstein wrote out the field equations for general relativity in tensor equations, which maintain
general covariance 3. From the series of statements that we elucidated above, we can say that the
general relativistic equations that we are seeking couple to matter, and in a local inertial frame
(LIF) it reduces to the spacetime of special relativity, denoted ηµν (this is known as the local
flatness theorem). In a general frame, we adopt the nomenclature metric tensor, and denote it
as gµν , to represent that our spacetime is now curved. Physically, the metric is the “infinitesimal
squared distance” over an infinitesimal displacement. There are many ways in which the metric
is used in general relativity (Carroll, 2004; Sachs and Wu, 1977): it is the tensor that imposes
3He was motivated to use differential geometry by his old classmate Marcel Grossman, and was prompted to
general covariance by Levi-Civita. Hilbert also derived the field equations during this time period.
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the notions of “past” and “future” (more precisely, we say that it imposes causal structure), as a
squared distance; it allows for computations of path length and the shortest distance between any
two points; it replaces the Newtonian gravitational field Φ = −GM/r, provides us with the notion
of LIFs in general relativity, which allows for the definitions of concepts such as no rotation, and
replaces the Euclidean dot product. In Euclidean coordinates (t, x, y, z), when the spacetime is flat,
the metric tensor gµν = ηµν and is expressible as a matrix as:
ηµν =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

.
Here, we are implicitly using another convention for the metric, where the signature of the metric
(number of positive and negative eigenvalues of the metric) is (−+ ++) 4.
Finally, we must note from the last two statements that while the metric tensor gµν reduces to
the Minkowski metric in a LIF, it must vary from Minkowski globally. We note that this formulation
of general relativity satisfies the Lorentz transformations, and therefore the interval (also referred to
as the line element) in special relativity must hold I ≡ ds2 = gµνdxµdxν (in Euclidean coordinates
in flat spacetime, this reduces to ds2 = −dt2 + dx2 + dy2 + dz2).
The Einstein field equations couple the spacetime metric gµν (and its derivatives and products
of the metric and derivatives, hidden in the definition of Gµν , which represents the curvature of
spacetime, making the field equations non-linear) to the matter in the Universe via the stress energy
tensor Tµν . To quote physicist John Wheeler, “Spacetime tells matter how to move; matter tells
spacetime how to curve” (Misner et al., 1973). These equations are:
Gµν =
8piG
c4
Tµν . (1.2)
These are a series of coupled, non-linear, second order partial differential equations sourced by the
4Particle physicists like to use the opposite signature, to the confusion of everyone.
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stress energy tensor Tµν . The presence of matter in general relativity therefore greatly complicates
the calculations required to solve anything. A free body in general relativity moves along a trajec-
tory given by its four velocity uµ = dxµ/dλ (built from the familiar three velocity of Newtonian
mechanics with a time component), where λ is related to the time experienced by a local observer
moving on this four velocity, and obeys the second order differential equation known as the geodesic
equation,
d2xµ
dλ2
+ Γµνγ
dxν
dλ
dxγ
dλ
= 0. (1.3)
The curvature of the spacetime in the geodesic equation is buried inside the Γµνγ symbol. These are
called Christoffel symbols, or more generically connection coefficients. They are related to curvature
in the coordinates and spacetime. We will explore this more in chapter 2.
1.3 Black Holes and Gravitational Waves
1.3.1 Black Holes
One of the most surprising and fascinating results of general relativity is the concept of a black
hole: that there can exist regions of such strong curvature that not even light can escape. The
concept of a black hole predates general relativity even, with the concept of a dark star (Michell,
1784; De Laplace, 1808), where the escape velocity of a particle is set to the speed of light, and by
energy balance, we (naively) set potential energy equal to kinetic energy 12mc
2 = GmM/R, and
solve for R to obtain R = 2GM/c2, where M is the mass of the dark star, m is the mass of the test
particle, and R is the distance from the center of the star.
It is, of course, incorrect to assume that energy balance holds (in a Newtonian sense), and that
the escape velocity can be set to the speed of light (forbidden by special relativity). Coincidentally,
this is actually the correct formula for the event horizon of a black hole with no spin and no
electromagnetic charge (though we will derive it in a very different way). This event horizon is the
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surface at which all particles moving at or below the speed of light become trapped 5.
Strikingly, in general relativity, isolated black holes have only three parameters that will com-
pletely characterize their structure. There is a large amount of structure to explore in black holes,
despite being such relatively simple objects. This is known as the “no hair theorem” 6, credited
to John Wheeler for the name, and simply states that the three parameters are the mass M of
the black hole, the electrostatic charge Q, and the intrinsic angular momentum ~a (throughout this
work, we will use the dimensionless spin parameter primarily, defined as χ = |~a|/M2).
To this day, the isolated black hole solutions number only four: the Schwarzschild spacetime
in 1915 (Schwarzschild, 1916), an uncharged, non-spinning black hole; the Reissner-Nordstrom
solution, discovered independently by Reissner (Reissner, 1916), and Nordstro¨m (Nordstro¨m,
1918), which elucidates a charged, non-spinning black hole; the Kerr solution, derived by Kerr
(Kerr, 1963), which describes uncharged, spinning black holes; and finally the Kerr-Newman family
of solutions, obtained by Newman et al. (Newman et al., 1965), which completes the picture with
a description of charged, spinning black holes.
The line element of the most general black hole, the Kerr-Newman solution, expressed in a
coordinate system adapted to the problem, called Boyer-Lindquist coordinates, is:
ds2 = −
(
∆− a2 sin2 θ
Σ
)
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdφ (1.4)
+
(
(r2 + a2)2 −∆a2 sin2 θ
Σ
)
sin2 θdφ2 +
Σ
∆
dr2 + Σdθ2,
where Σ = r2 + a2 cos2 θ and ∆ = r2 + a2 + Q2 − 2Mr. The parameters of this Kerr-Newman
5This is not quite enough to fully say that we have a black hole. This will be formalized further in chapter 2,
when we will discuss that the appropriate definition of a black hole is any region in an asymptotically flat spacetime
where it is impossible to escape to future null infinity. For now, we will happily take our naive definition of an object
in which nothing, even light, can escape.
6There are actually no rigorous proofs for the no hair theorem. It has been demonstrated for the Schwarzschild
spacetime (Hawking, 1971, 1972) and the Kerr spacetime (Carter, 1971), but a general proof remains elusive (Misner
et al., 1973). For this reason, a mathematician would refer to this as the no hair conjecture. However, since this
dissertation is not a math dissertation, we will comfortably call this the no hair theorem and make mathematicians
everywhere a bit cross.
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solution are the mass M , the spin a, and the charge Q, which are exactly the parameters given
by the no-hair theorems. Everything else appearing in the line element above are coordinates and
combinations of coordinates. We can reduce this solution to other black hole solutions (see chapter
2). When Q→ 0, we recover the Kerr solution, when a→ 0 we reduce to the Reissner-Nordstrom
solution, when Q→ 0 and a→ 0 we recover the Schwarzschild solution, and when Q→ 0, a→ 0,
and M → 0, we obtain Minkowski spacetime in spherical coordinates.
Black holes are formed from total gravitational collapse of bodies, which occurs when an object’s
internal pressure is no longer sufficient to keep it held against gravity. This occurs in stars when
nuclear fusion stops at the end of a star’s life. The loss of pressure support from radiation leads to
gravitational collapse. A spherical solution of the Einstein field equations for a perfect fluid as the
stress energy tensor Tµν yields an upper bound on the mass radius relationship of Mc ≤ 4c2R/9G
before collapse into a black hole becomes an inevitability (Buchdahl, 1959).
If the star was not too massive, however, the gravitational collapse can be halted in one of
two states. The less massive stars can have their internal gravitational collapse halted by electron
degeneracy pressure, leading to the formation of a white dwarf, shown by Chandrasekhar originally
to have maximum mass of approximately 1.4 solar masses (Chandrasekhar, 1935; Koester and
Chanmugam, 1990). Once this maximum mass is surpassed, the collapse of the stellar core can
be halted once again by neutron degeneracy pressure, forming a neutron star (Oppenheimer and
Snyder, 1939; Oppenheimer and Volkoff, 1939; Bombaci, 1996; Stergioulas, 1998).
1.3.2 Gravitational Waves
The theory of general relativity is rich with fascinating predictions in addition to black holes.
Massive objects that accelerate interact with the spacetime in such a way that they dissipate
energy and momentum in the form of radiation, called gravitational waves. This dissipation is
caused by the rate of change of the mass quadrupole and “mass current” quadrupole and higher
order moments. They propagate in two independent polarizations, travel at the speed of light c,
and since the medium of travel is spacetime itself, they affect a ring of test particles by stretching
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the distances on one axis and shrinking the distance on the opposite axis, transverse to the direction
of propagation.
There is a plethora of indirect and direct evidence for gravitational waves. The most important
of which is the Hulse-Taylor pulsar (Hulse and Taylor, 1975). This binary pulsar system allowed for
very accurate measurements of the decay of the orbit due to gravitational radiation by measuring the
orbital period decay, which agreed with the analytic general relativity prediction to an astonishing
degree. This garnered Hulse and Taylor the Nobel Prize in Physics in 1993.
Several kilometer scale detectors (Abbott et al., 2009, 2018) aim to detect these gravitational
waves through laser interferometry, sensitive to one part in 1022 (Martynov et al., 2016; Moore
et al., 2015). The amazing feat of engineering and scientific progress has paid off in full, leading to
the first discovery of gravitational waves from the LIGO scientific collaboration, provided the first
strong evidence of the coalescence of two black holes (Abbott et al., 2016a), which was awarded
the Nobel Prize in 2017, as well as the first coalescence of a binary neutron star system from the
emission of gravitational waves (Abbott et al., 2017a).
The detection of these gravitational wave signals amongst the noisy detector data requires a
strong grasp of gravitational wave theory and knowledge of the radiating sources. Many scientific
resources are being invested to explore the parameter space of possible LIGO sources and to create
efficient model banks for gravitational wave templates (Pan et al., 2014; Taracchini et al., 2014;
Hannam et al., 2014; Santamar´ıa et al., 2010; Khan et al., 2016).
1.4 Observations of Black Holes and Black Hole Binaries
These LIGO measurements constrain the masses and spins of the merging black holes, as well
as the parameters of the remnant merged black hole. To date, there have been five confident
detections of BHBs from the first two LIGO observation runs (Abbott et al., 2016a,b, 2017b,c,d),
see figure 1.1. The heaviest component BH had a mass of 36 ± 5 solar masses, with the lightest
being 7.5 ± 2.3 solar masses. The remnant BHs can have masses that exceed 60 solar masses,
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which is larger than any X-ray binary that has been detected to date. The individual spins of the
compact binaries are weakly constrained. In particular, only one detection, GW151226, was shown
to have a measurable spin parameter that was not consistent with zero (Abbott et al., 2016b).
The remnants have spins between 0.67 to 0.74, which are not close to the maximal spin allowed. If
the BH spins are misaligned with the orbital angular momentum and the spins precess, additional
features in the waveform can provide even richer studies of the gravitational wave (GW) signature
(Barker and O’Connell, 1987; Kidder, 1995).
Figure 1.1: The black holes of known mass, arranged by ascending mass. The size of the circle
indicates visually the value of the mass that is displayed on the y-axis. The purple dots are black
hole masses inferred from x-ray studies, the dashed blue circle is a trigger in the LIGO detector
that did not achieve the threshold for detection, and the solid blue circles are LIGO detections.
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The likely sources of BHB GW sources are massive low-metallicity stars and globular clusters.
Large low metallicity stars are likely to form compact binaries with the spin axes mostly aligned
with the orbital angular momentum (Belczynski et al., 2016). BHBs forming in dense clusters will
have no such correlation between the spins and angular momentum, and likely go through strong
perturbing interactions, due to their environment (Rodriguez et al., 2016). These include super-
nova kicks in globular clusters, dense stellar environments, and even 3-body and relativistic-capture
effects. These effects can impart a small but occasionally significant eccentricity, whose measure-
ment provides a unique tracer of the last strong external dynamical effect prior to merger. Future
GW measurements can therefore provide a remarkable opportunity to measure this eccentricity,
and thereby constrain formation scenarios of BHBs.
These constraints will also improve as we move into the third generation of gravitational wave
detectors, where the sensitivity to BHB sources is so high that we expect to be able to capture GW
signals from merging BHBs beyond a redshift of 20 (Vitale and Evans, 2017). This will allow us
to study in detail the parameters of these sources, and we will be able to put much more restrictive
constraints on the BH parameters, as well as potentially finding more unique sources, such as ones
with residual eccentricity.
Future space-based GW missions will target supermassive black hole sources, such as the pro-
posed European Laser Interferometer Space Antenna (eLISA) (Amaro-Seoane et al., 2013a, 2012,
2013b) and the DECi-hertz Interferometer Gravitational wave Observatory (DECIGO) (Seto et al.,
2001), which are sensitive to such low frequency (millihertz band) events, but are a few decades away
from launch. Fortunately, in the case of supermassive black hole binaries, highly-relativistic mag-
netized gas could flow around the pair, as well as around each black hole companion (Bowen et al.,
2017). Therefore, powerful EM signals should accompany the inspiral and merger of BHBs (Roedig
et al., 2014; Schnittman, 2013), unlike in stellar-mass BHBs, which are not expected to have any EM
counterparts (Abbott et al., 2016c). This opens a complementary window into the supermassive
sources, in which we can couple GW observations with EM signatures.
The detections LIGO has made in its first two observing runs are only the beginning of grav-
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Figure 1.2: A schematic diagram of the detector sensitivities as a function of frequency, along
with likely gravitational wave sources in each frequency band. In the low frequency range, pulsar
timing (IPTA) sources hope to detect the most massive sources, and the stochastic background of
gravitational waves. LISA and eLISA are the next generation space-based detectors, which will
target massive binaries, early inspiral LIGO sources, and extreme mass ratio inspirals. DECIGO is
another proposed space based detector which will fill the intermediate frequency band, and provide
a bridge between LISA and LIGO. aLIGO (O1) is the sensitivity of advanced LIGO for observational
run one, and aLIGO (design) is its design sensitivity. KAGRA is the Japanese gravitational wave
detector, and the Einstein Telescope (ET) is one of the proposed third generation of gravitational
wave detectors. All of these aim for compact binary inspirals such as the detected LIGO sources
(Moore et al., 2015).
itational wave astronomy. With LIGO sensitivities getting better as the observing runs continue,
future detectors on the way (both in space and on the ground) (see figure 1.2), and complementary
EM signatures predicted for supermassive sources, it is an exciting time for both gravitational wave
astrophysics and multi-messenger astronomy. These detections provide an excellent opportunity
for projects exploring spacetime dynamics and radiation involving spins and eccentricity.
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1.5 Projects Herein
The Einstein field equations are an incredibly complex set of non-linear, coupled partial dif-
ferential equations. Unless we have a very high degree of symmetry (which we will define more
rigorously in chapter 2), solving for an exact solution of the field equations analytically is nearly
hopeless. All of the black hole solutions listed above have symmetries that can be exploited. When
we transition to look for BHB solutions, there are no such symmetries, and no exact solution for
the entire spacetime exists, unless we invoke numerical relativity. The advent of numerical rela-
tivity (NR) in 2005 (Pretorius, 2005; Campanelli et al., 2006a; Baker et al., 2006) has allowed
for accurate evolution of the black holes from close separations through merger. When the black
holes are sufficiently far apart, however, numerical relativity is too computationally expensive to
be used. For this, we turn to approximate analytic methods which work well when the bodies are
in this regime (Blanchet, 2014; Will, 2011). This allows us to accurately model the evolution of
the binary as it evolves from early inspiral to eventual plunge and merger, which provides strong
arguments for studying analytic techniques to solve the binary black hole problem.
1.5.1 Hybrid Metric Construction for spinning black hole binaries in the inspi-
ral regime
In the first part of this dissertation, we use several analytic techniques to construct a new, fully
analytic spinning binary black hole spacetime in the inspiral regime for the first time (Ireland
et al., 2016; Nakano et al., 2016).
The construction of the approximate global metric with spin for a BHB pair on a quasi circular
inspiral, in the inspiral regime, requires us to consider four zones of approximation for a complete
picture: the inner zone (IZ) around black hole 1 (IZ1) and around black hole 2 (IZ2), the near zone
(NZ) around the two BHs, and the far zone (FZ) or wave zone farthest out.
Stitching together these different approximations necessitates using a mathematical process
known as asymptotic matching to smoothly take one solution to the other in a region where both
13
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are valid. The first challenge is deriving the correct matching conditions, then performing the
asymptotic matching to relate the parameters and coordinates of one (say the IZ around BH1) to
the other (say the NZ around both BHs).
We verify the validity of our constructed solution of the Einstein equations in several ways
by looking at invariant quantities such as the Ricci scalar, relative Kretschmann invariant, and
Hamiltonian constraints. All the invariant quantities vanish for an exact solution to the vacuum
field equations (no matter), both at initial times, and as the metric evolves dynamically, observing
known spin effects such as the orbital hang-up effect.
Once precession is taken into account, we need to consider a rotation of each individual IZ
metric from the Kerr metric where the z-direction specifies the spin direction, to a frame where
the z-direction is oriented along the orbital angular momentum and the spins are rotated by Euler
angles Y (Θ) and Z(Φ) to account for the misalignment.
The matching calculations carried out in the precessing case are done to first order in the
matching parameter m2/r12 (more on this later). Second order matching will pick up the time
dependence of the Euler angles Θ and Φ, as well as their derivatives. As such, we expect the higher
order matching will have completely different transformations, which cannot be described by a
simple extension of the nonspinning case, due to the precession of spins.
1.5.2 Evolution equations for generic black hole binaries
In the second part of this dissertation, we develop and calculate the gravitational waveforms and
orbital dynamics from generically spinning, eccentric BHBs. As of now, there are no efficient ways
to calculate waveforms for generic binaries. While it is not expected that LIGO sources in isolated
binaries have significant eccentricity in band, binaries in dense stellar clusters, may however, have
significant eccentricity from dynamical interactions prior to entry into the LIGO band (Rodriguez
et al., 2018).
We use the Lagrangian formulation of the post-Newtonian (PN) equations of motion (EOM) in
the harmonic gauge for the generation of precessing, eccentric GW signatures (Bohe et al., 2015;
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Marsat, 2015; Blanchet, 2014; Faye et al., 2006; Blanchet et al., 2006; Marsat et al., 2013; Bohe
et al., 2013).
Up to 3.5PN (A PN order N is said to be a term of order (v/c)2N ) order in this PN formal-
ism, and for maximal spin (|~χa| ' 1), spin-orbit effects contribute to the EOM at 1.5PN, 2.5PN,
and 3.5PN. Spin-spin effects contribute at 2PN and 3PN. Cubic-in-spin effects start from 3.5PN.
Quartic- and higher order in-spin effects are beyond 3.5PN. Following (Will, 2005; Blanchet et al.,
2006; Blanchet, 2014), we use the Tulczyjew spin supplementary condition (SSC) to define a spin
vector with conserved Euclidean norm. For this SSC, the higher order spin-orbit terms have been
derived in (Faye et al., 2006; Blanchet et al., 2006; Marsat et al., 2013; Bohe et al., 2013; Blanchet,
2014). The next-to-leading order spin-spin terms were derived in (Bohe et al., 2015), and the
leading order cubic-in-spin terms were derived in (Marsat, 2015). To date, leading order quartic-
and quintic-in-spin contributions to the EOM have not been derived in post-Newtonian harmonic
coordinates with this SSC.
This Lagrangian formulation has larger applications as well. Current preliminary work is being
carried out to see if detection of eccentric sources will be possible, and current prospects look
good (D’Orazio and Samsing, 2018; Breivik et al., 2016; Sesana, 2016). By developing a general
EOM that can handle arbitrarily precessing and eccentric BHs, we can apply these EOMs to the
precessing spacetime developed in previous work (Nakano et al., 2016). We must have an accurate
EOM for the general precessing BHB that can handle the orbital plane precession of the binary
due to spin coupling with the orbit, and also the individual spins precessing in order to evolve the
BHB. The Lagrangian formulation excels at all of these, and can directly be used for this evolution
in the harmonic gauge.
1.6 Organization
The remaining chapters of this dissertation are broken down as follows. In Chapter 2, the for-
malism of general relativity as well as the analytic techniques that are used in this work, including
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post-Newtonian and post-Minkowskian expansions, black hole perturbation theory, and gravita-
tional wave generation from compact binaries are outlined. Chapter 3 describes the approximate,
analytic metric for black hole binaries with aligned, counter-aligned, and precessing spins. Chapter
4 formalizes and tests the equations of motion for generic black hole binaries in the inspiral regime,
focusing on comparisons with other known methods and numerical relativity. Chapter 5 concludes
the dissertation, wraps up both projects, and briefly explores future directions to take this work.
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ANALYTIC TECHNIQUES IN GENERAL RELATIVITY
2.1 The Mathematics of General Relativity
2.1.1 Manifolds, Vectors, One-forms, and Tensors
To mathematically express gravity not as a force, but as curvature, we are led to use differential
geometry. A manifold is a topological space, a mathematical object that locally “looks like” Eu-
clidean space of dimension n, represented via real coordinate space Rn. More precisely, a manifold
is a union of open balls in Rn that can be stitched together smoothly.
Manifolds can be embedded with additional structure. A vector is a geometric object, defined
at a point p, which exists in the tangent space Tp (which has the same dimensionality as M) as the
directional derivative of curves passing through p. A vector is represented in a basis through basis
vectors ~ea, with components V
a. A representation of a vector ~V in a basis is therefore ~V ≡ V a~ea.
We can change the coordinate system for a vector using a Jacobian, which, in our summation
convention notation, (see chapter 1) is represented as:
V a
′
=
∂xa
′
∂xa
V a. (2.1)
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Recall here that indices used at the beginning of the latin alphabet a, b, c, ... are used as generic
indices, so we have not specialized to four dimensions here yet.
We can equivalently define the dual vectors (which are interchangeably referred to as one-forms),
which live in the dual vector space, or cotangent space T ∗p . A dual vector ω can be represented in
a coordinate system as ω ≡ ωaθa, where θa is understood to be the dual basis vectors (analogous
to the basis vectors ~ea, but living in the tangent space T
∗
p as opposed to Tp).
A tensor is a geometric object that takes copies of vectors and one-forms and returns numbers.
It can be represented in a basis with components, like vectors and one-forms.
The tensor transformation law is a straightforward generalization of the vector and one-form
transformation law, which is (keeping careful track of our indices):
T a
′
1...a
′
k
b′1...b
′
l
=
∂xa
′
1
∂xa1
...
∂xa
′
k
∂xak
∂xb1
∂xb
′
1
...
∂xbl
∂xb
′
l
T a1...ak b1...bl . (2.2)
A key result of the tensor manipulations that we have formalized is that any tensor equation
can be written implicitly in terms of a basis. For instance, if we look again at the Einstein field
equations (1.2),
Gµν = 8piTµν , (2.3)
we understand that this equation is in the ~eµ ⊗ ~eν basis. Looking at an alternate form of the
geodesic equation,
uµ∇µuν = 0 (2.4)
reveals this to be in the ~eν basis, and so on. But these bases are arbitrary, so therefore these tensor
equations can be written in any coordinate system with ease. This is a beautiful manifestation
of the principle of general covariance, which we recall was one of the basic founding principles of
general relativity from chapter 1.
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2.1.2 The Covariant Derivative
We wish now to represent curvature on a manifold imbued with a metric g (which we will assume
here to be Lorentzian, as the theory of general relativity has a Lorentzian manifold structure). The
first step is to define a derivative that is also manifestly covariant.
The covariant derivative for a given metric in terms of the ordinary partial derivative is defined
as:
∇µtν = ∂µtν + Γνµλtλ, (2.5)
where the Γνµλ’s are called the Christoffel symbols, and are given by:
Γγαβ =
1
2
gγδ(∂αgβδ + ∂βgαδ − ∂δgαβ). (2.6)
These Christoffels modify the ordinary partial derivative to remain manifestly covariant.
A final important note is metric compatibility. The covariant derivative operator is metric
compatible, i.e., it satisfies:
∇γgαβ = 0. (2.7)
2.1.3 Geodesics
The concept of a geodesic is an intuitively simple one: it’s the “straightest” line between two
points. It is the differential geometry extension of the Euclidean intuition that the shortest distance
between any two points is a straight line.
We use the idea of parallel transport of a vector vα to define a geodesic. This vector is said to
be parallel transported along a curve C with tangent vector tβ if
tβ∇βvα = 0 (2.8)
is satisfied along the curve.
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Given a metric compatible derivative ∇a, we define a geodesic to be a curve whose tangent
vector is parallel propagated along itself, i.e.,
V a∇aV b = 0. (2.9)
Such a geodesic that satisfies equation (2.9) is said to be affinely parameterized with affine parameter
λ 1. Writing this equation out in a coordinate basis, and expanding the tangent vector of the curve
as dxµ/dλ, we obtain our result from chapter one, equation (1.3):
d2xµ
dλ2
+ Γµνσ
dxν
dλ
dxσ
dλ
= 0. (2.10)
Geodesics also have the property of extremizing the path length between any two points. For a
curve C (that is differentiable) on a Lorentzian manifold M with gab, we can define the length of
C as:
l =
∫
(gabV
aV b)1/2dλ (2.11)
for spacelike curves (a spacelike vector field obeys gabV
aV b > 0), and a length of
τ =
∫
(−gabV aV b)1/2dλ (2.12)
for timelike curves (gabV
aV b < 0 for timelike vector fields). Both of these imply a length of zero
for null (lightlike) curves (gabV
aV b = 0 for null vector fields). We have replaced the length l in
timelike curves with a timelike variable τ , which we refer to as the proper time.
2.1.4 Curvature
We can now rigorously define the concept of curvature, using the concept of parallel transport.
The vector vb which we obtain by parallel transporting the vector va, will, in general, be dependent
1We can always pick a suitable parametrization of our curve such that the tangent vector is affinely parameterized
(Wald, 1984).
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on the curve that connects them. When we consider a small closed path to parallel transport a
dual vector, and, upon returning to the starting position, the orientation of the vector has changed,
we say that the surface is curved. If there is no change in the direction the vector is pointing, we
say that the surface is flat. Examples of two dimensional curved surfaces abound. Every ball has
positive curvature, whilst a saddle is negatively curved 2. It is the failure of successive covariant
derivative operations to commute when applied to a one-form that defines curvature.
Curvature can be represented by a tensor called the Riemann curvature tensor. Expressed in a
coordinate basis, the Riemann tensor takes the form:
Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµξΓξνβ − ΓανξΓξµβ. (2.13)
In a covariant formalism, the Riemann tensor satisfies:
∇a∇bωc −∇b∇aωc = Rdabcωd. (2.14)
This is the mathematical expression of parallel transporting the one-form ωc around a small closed
loop and comparing the action of the metric compatible covariant derivatives ∇a and ∇b stated
above. The consequence of the curvature is best illustrated via geodesic deviation:
Aµ = RµναβP
νPαNβ, (2.15)
for initially tangent vectors P ν and deviation vectors Nβ. This shows that the Riemann tensor is
directly responsible for the relative acceleration of geodesics. The relative acceleration of geodesics
Aµ = 0 if, and only if, the Riemann tensor Rµναβ = 0. This is a fundamental result, and shows
clearly observable effects of curvature (which will be shown later).
The Riemann curvature tensor has the following key properties:
2Mathematically, this is called a hyperboloid.
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• Rdabc = −Rdbac.
• Rd[abc] = 0.
• For the metric compatible covariant derivative ∇c, implying ∇cgab = 0, we have:
Rabcd = −Rabdc.
• The identity:
∇[aRebc]d = 0 (2.16)
holds. This is called the Bianchi identity.
As with any tensor, we can decompose the Riemann tensor into the “trace” (contracted) part,
and the “trace free” part. The trace of the Riemann tensor (contracting over the second and fourth
indices) yields the Ricci tensor :
Rbabc = Rac. (2.17)
By the symmetry properties of the Riemann tensor above, the Ricci tensor is symmetric:
Rac = Rca. (2.18)
The scalar curvature, or Ricci scalar, is defined by the trace of the Ricci tensor:
Raa = R. (2.19)
This is especially useful when looking at errors in spacetimes, because this quantity is coordinate
invariant. The analysis in chapter 3 will explore this further. The “trace free” part of the Riemann
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tensor is called the Weyl tensor, and is defined on 4-dimensional manifolds as:
Cabcd = Rabcd − (ga[cRd]b − gb[cRd]a) +
2
3
Rga[cgd]b. (2.20)
The Weyl tensor satisfies the first three properties of the Riemann tensor, as well as being trace
free on all its indices (any contraction of the Weyl tensor is zero).
Another extremely potent tensor is taken by contracting the Bianchi identity equation (2.16):
∇aGab = 0, (2.21)
where the tensor in the derivative is called the Einstein tensor :
Gab ≡ Rab − 1
2
Rgab. (2.22)
The Einstein tensor is symmetric Gab = Gba, as its constituent tensors are symmetric, along with
being divergence free from the Bianchi identity.
2.1.5 Einstein’s Equations
The Einstein field equations (already alluded to in (1.2)) are defined as:
Gab ≡ Rab − 1
2
Rgab = 8piTab. (2.23)
Taking the trace of both sides of the Einstein equations yields:
R = −8piT. (2.24)
When we consider a vacuum solution to the Einstein equations, we set Tab = 0, which implies
R = 0, and reduces the field equations to
Rab = 0. (2.25)
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We will be making extensive use of this fact in our later analysis.
2.1.6 Conserved Quantities
Unfortunately for all physicists (and a relief to everyone else), the real world is a horribly
complicated and messy place. To find a metric that perfectly encapsulates the Universe (or even a
pathetically small piece of it) is nearly impossible. To do so requires a high degree of symmetry to
the problem we are considering, and therefore a way to characterize said symmetry.
Specifically, we seek isometries in our spacetime 3. A clear example of these isometries we seek
is:
∂agbc = 0, (2.26)
which expresses that the metric is independent of the xa coordinate. This has a consequence on
geodesics in this spacetime. From the geodesic equation on the four momentum of a timelike
particle
pa∇apb = 0, (2.27)
and expressing in terms of the connection, we obtain:
m
dpa
dτ
=
1
2
(∂agbc)p
bpc, (2.28)
which implies that when we have an isometry, the four-momentum component pa is a constant of
the motion:
dpa
dτ
= 0. (2.29)
This is extremely powerful, as well as useful, and we would like a way of searching for these
3Isometry: a group of coordinate transformations that leave the spacetime interval unchanged; etymology - ‘equal-
ity of measure’, from isis, meaning equal, and metria, meaning measuring.
24
Chapter 2. Analytic Techniques
isometries. Consider a vector ∂a, which for the moment we will label as K. We say that K
generates the isometry, which physically means that the transformation we can make where the
geometry is invariant can be expressed as an infinitesimal motion in the direction of K, i.e.,
pb = K
apa = Kap
a. (2.30)
But as we’ve already found, the constancy of this quantity is the statement that the directional
derivative along the geodesic vanishes. The only vector Ka that could keep the quantity Kap
a
conserved along a trajectory obeys Killing’s equation (Carroll, 2004):
∇(aKb) = 0↔ ∇aKb +∇bKa = 0. (2.31)
The vector fields Ka are called Killing vector fields, or simply Killing vectors. Each Killing vector
in a spacetime implies a conserved quantity in that spacetime. We can understand this physically
by again appealing to the constancy of the metric under one of these Killing vectors. This means
that a free falling particle will not feel any forces in the direction of the Killing vector, and therefore
the component of its momentum will be conserved in that direction. These Killing vectors are of
utmost importance in finding and defining conserved quantities in black holes, which we will now
study.
2.2 Mathematical Properties of Black Holes
Black holes are solutions to the Einstein equations, where light cannot escape to infinity. More
precisely, in an asymptotically flat spacetime (a spacetime where the curvature vanishes as we
approach infinity, so the metric approaches the Minkowski metric), if it is impossible to escape to
future null infinity 4, then we characterize that as a black hole 5. This implies the presence of a
physical singularity in the spacetime.
4denoted as I+, it is the infinity that causally connects future time infinity i+, and spatial infinity i0.
5For a more comprehensive definition, refer to (Wald, 1984; Hawking and Ellis, 1973).
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An important characteristic of black holes is that they obey the cosmic censorship conjecture,
which states that the complete gravitational collapse of any body will always result in a black hole,
and not a naked singularity. This means that all gravitational singularities are hidden from distant
observers by an event horizon.
2.2.1 The Schwarzschild Solution
The first black hole solution that we will study is the static, spherically symmetric spacetime
first derived by Karl Schwarzschild 6. The metric is explicitly:
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2, (2.32)
where dΩ2 is the metric on the unit 2-sphere: dΩ2 = dθ2 + sin2 θdφ2, and M is the mass of the
black hole. Birkhoff’s theorem (Birkhoff and Langer, 1923) states that the Schwarzschild solution
is the only spherically symmetric spacetime. The Killing vectors of Schwarzschild are:
Nα = (∂t)
α, (2.33a)
Rα = (∂φ)
α, (2.33b)
Sα = cosφ(∂θ)
α − cot θ sinφ(∂φ)α, (2.33c)
Tα = − sinφ(∂θ)α − cot θ cosφ(∂φ)α. (2.33d)
A timelike Killing vector is invariant under time translation; the conserved quantity that falls from
this is energy. Invariance under spatial rotations can be expressed in three conserved quantities,
which are the components of the angular momentum. However, when we consider a particle moving
in the Schwarzschild spacetime, we note that the motion is restricted to a plane; as such, we can
rotate the spacetime so that plane lies along the z direction without loss of generality, leaving the
6A static solution is one that possesses a timelike Killing vector that is orthogonal to spatial hypersurfaces (three
dimensional slices in the spacetime). Spherical symmetry has the same meaning as in normal Euclidean space, though
we note that we can formulate spherical symmetry in terms of Killing vectors.
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two conserved components of a particle’s four-momentum that we want to study:
E˜ =
−pt
m
, (2.34)
and
L˜ =
pφ
m
. (2.35)
We call these the energy and angular momentum of the particle, respectively. From these conserved
quantities, we can find the equations of motion from the geodesic equation, and solve to obtain the
equations of motion for Schwarzshild:
1
2
(
dr
dλ
)2
+ V (r) =
E˜2
2
. (2.36)
The effective potential of Schwarzschild, V (r), is defined as
V (r) =
1
2
σ − σM
r
+
L˜2
2r2
− ML˜
2
r3
, (2.37)
where σ is zero for photons, and one for timelike particles.
Solving these equations yields solutions for r(λ), and we can find interesting points in the
trajectories. Stationary points are given by the solution to dV/dr = 0, and depend on the value of
L˜2. If a particle approaches the black hole with L˜2 < 12M2, there will be no stable points in the
orbit, and the particle must move toward r = 0. If L˜2 > 12M2, then there are 2 turning points
for timelike particles, one stable circular orbit, and one unstable circular orbit. For null particles,
there is one unstable circular orbit. In these coordinates, stable orbits reside at r > 6M , unstable
circular orbits can inhabit 3M > r > 6M , and no circular orbits exist below r = 3M . For timelike
particles, it is important to define the innermost stable circular orbit, or ISCO, which resides at
r = 6M .
There are two clear singularities in this spacetime, one at r = 0, and one at r = 2M . The ques-
tion becomes which (if any) are physical singularities, and which are an artifact of the coordinates
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that we have chosen. To assess this, we calculate Kretschmann scalar
RαβµνR
αβµν =
48M2
r6
. (2.38)
This shows us clearly that the singularity at r = 2M is a coordinate singularity (much like the
poles of a sphere in three dimensional spherical coordinates), which can be removed with a clever
change of coordinates (Hawking and Ellis, 1973; Wald, 1984), and the singularity at r = 0 is a
true curvature singularity. The surface r = rH = 2M is the event horizon, and it is what masks
the true curvature singularity from us.
2.2.2 The Kerr Solution
The spinning black hole solution is named after Roy Kerr, and carries his moniker. It is a
stationary, axisymmetric spacetime 7. The line element for a Kerr black hole in Boyer-Lindquist
coordinates is:
ds2 = −
(
∆− a2 sin2 θ
Σ
)
dt2 − 2a sin
2 θ(r2 + a2 −∆)
Σ
dtdφ (2.39)
+
(
(r2 + a2)2 −∆a2 sin2 θ
Σ
)
sin2 θdφ2 +
Σ
∆
dr2 + Σdθ2,
where Σ = r2 + a2 cos2 θ and ∆ = r2 + a2 − 2Mr. Note the similarity to the generic case, except
that we have set the electrostatic charge Q = 0.
There are two obvious Killing vectors for Kerr, which we will denote ξα = ( ∂∂t)
α, and ψα = ( ∂∂φ)
α,
leading to the two conserved quantities
E = −ξαUα =
(
1− 2Mr
Σ
)
dt
dλ
+
2Mar sin2 θ
Σ
dφ
dλ
, (2.40a)
L = ψαUα = −2Mar sin
2 θ
Σ
dt
dλ
+
(r2 + a2)2 −∆a2 sin2 θ
Σ
sin2 θ
dφ
dλ
. (2.40b)
We can use these to obtain specialized equations of motion from the geodesic equation in the case
7A stationary solution is one that possesses a timelike Killing vector. Axisymmetry implies a Killing vector ∂
∂φ
.
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where we restrict to the equatorial plane, i.e., θ = pi2 . If we are not in the equatorial plane, we can
utilize the fact that Kerr has a Killing tensor Kαβ to determine the nonequitorial motion. This
Killing tensor is defined in terms of its principle null directions 8
lα =
(
r2 + a2
∆
)(
∂
∂t
)α
+
a
∆
(
∂
∂φ
)α
+
(
∂
∂r
)α
, (2.41a)
nα =
r2 + a2
2Σ
(
∂
∂t
)α
+
a
2Σ
(
∂
∂φ
)α
− ∆
2Σ
(
∂
∂r
)α
, (2.41b)
and can be contracted with the four velocity Uα to make an additional constant of the motion
called the Carter constant :
Kαβ = 2Σl(αnβ) + r
2gαβ, (2.42)
C = KαβU
αUβ. (2.43)
There are two apparent singularities in the Kerr spacetime, one when ∆ = 0, and one when
Σ = 0. We can again evaluate RαβµνR
αβµν , and find that the singularity Σ = r2 + a2 cos2 θ = 0 is
the true curvature singularity, which has the structure of a timelike ring at x2 + y2 = a2. When
a2 ≥M2, then there are no solutions to the equation ∆ = 0, and the only singularity is the one at
Σ = 0. This is the case where this ring singularity is “naked”, and at that point the Kerr solution
ceases to describe a black hole solution. This is in violation of the cosmic censorship conjecture,
so we postulate that a Kerr black hole must have a2 ≤ M2. When this is the case, the equation
∆ = r2 + a2 − 2Mr = 0 has solutions:
r± = M ± (M2 − a2)1/2. (2.44)
These singularities have the same coordinate singularity structure as the surface r = 2M in the
Schwarzschild case (i.e., a = 0) (Boyer and Lindquist, 1967), and for a 6= 0, we label them as the
inner (r−) and outer (r+) horizons respectively. This means the horizon in Kerr is not located at
8More on this later
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r = 2M , but rather depends on the spin parameter, and will range from M < r+ < 9M for varying
spin parameters. The location of the ISCO is similarly spin dependent 9. A completely new region
exists in the Kerr geometry, called the ergosphere. In the region
r+ < r < M + (M
2 − a2 cos2 θ)1/2, (2.45)
which will lie outside of the black hole if a 6= 0, will have the norm of the timelike Killing vector
field
ξαξα = gtt =
a2 sin2 θ −∆
Σ
≥ 0. (2.46)
This means that the timelike Killing vector becomes spacelike in this region. This physically states
that any observer cannot remain stationary in this region without traveling faster than light, so
this observer must rotate in the direction of the black hole. This is called frame dragging, and is a
principle difference between non spinning and spinning black holes.
2.2.3 Coordinate and Gauge Choices
We briefly wrap up this section by discussing the coordinate and gauge choices for black hole
solutions. For the discussion above, we have used the Boyer-Lindquist coordinates, which elucidate
the structure and cleanly demonstrates results. Throughout this dissertation, in chapters 3 and
4, we will be using the post-Newtonian harmonic gauge, which is a class of gauges satisfying the
conditions ∂αh
αβ = 0. For the work presented in chapter 3, we will have cause to use another
version of the metric that is horizon penetrating, which has the benefit of removing the coordinate
singularities at the horizon. The explicit coordinate system that we will use will be the Ingoing
Kerr coordinate system (Yunes and Gonza´lez, 2006),
ds2 = −
(
1− 2Mr
Σ
)
dv2 + dvdr − Mr
Σ
(2a sin2 θ)dvdφ− a sin2 θdrdφ (2.47)
9We will detail this in Chapter 3
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+ Σdθ2 + (r2 + a2) sin2 θ +
2Mr
Σ
(a2 sin4 θ)dφ2,
where Σ has the same definition as in Kerr. This metric has only one apparent singularity at Σ = 0
(which is why it is horizon penetrating). This is a convenient metric to use for perturbation theory
around a single spinning black hole, which will be discussed in chapter 3, and is a clear effect of
coordinate choices in general relativity.
2.3 Approximate Solutions to the Einstein Equations
We turn now to the case when there are two black holes and we are trying to solve for the
metric and dynamics. There is no closed form analytic solution of the two body problem in
general relativity. However, there are several ways to make approximate, analytic solutions to the
field equations. We will discuss three important ones: post-Minkowski expansions, post-Newtonian
expansions, and black hole perturbation theory. We will follow, draw upon, and appeal to a variety of
sources in this section, primarily from textbooks (Poisson and Will, 2014; Baumgarte and Shapiro,
2010; Chandrasekhar, 1992), and review articles (Blanchet, 2014; Newman and Penrose, 2009).
2.3.1 Post-Minkowski Theory
The underlying basis of post-Minkowski theory starts with the Poisson’s equation in Newtonian
gravity, the equation that governs the Newtonian gravitational field:
∇2Φ = −4piGρ, (2.48)
where ∇2 is the familiar Laplacian operator, defined as ∇2 = ∂2/∂x2 +∂2/∂y2 +∂2/∂z2 in cartesian
coordinates. This is the extension of the definition of the gravitational potential Φ = −GM/r; one
may view this as the solution of Poisson’s equation with a mass density ρ defining the gravitational
potential Φ everywhere in space.
To start the discussion of post-Minkowski expansions, we must first define what approxima-
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tions we are making. In the post-Minkowski approach that we consider (for the projects herein),
gravitational fields are weak, and the source is far from us. By introducing the following scaling
quantities
tc ≡ characteristic time of the source, (2.49a)
ωc ≡ 2pi
tc
= characteristic frequency of the source, (2.49b)
λc ≡ 2pic
ωc
= ctc = characteristic wavelength of the radiation (2.49c)
(where we restore c for clarity), we can formulate the notion of weak fields far from the source
(known as the far zone or wave zone) as,
R λc = 2pic
ωc
= ctc, (2.50)
with the field variable
γ ≡ GM
rc2
(2.51)
as the expansion parameter with which we expand the Einstein field equations.
Beginning the discussion of post-Minkowski expansions, we note that the Einstein field equations
are a set of coupled, non-linear, second order partial differential equations for the metric. We can
express the metric as:
gαβ :=
√−ggαβ, (2.52)
(known as the gothic inverse metric) where the
√−g is the determinant of the metric, and we define
hαβ = ηαβ − gαβ. (2.53)
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We then make a coordinate restriction to harmonic coordinates, which imposes the restrictions:
∂βg
αβ = 0→ ∂βhαβ = 0. (2.54)
These restrictions are known as the harmonic gauge conditions. Once substituted into the field
equations (1.2), and re-expanded, we arrive at the relaxed Einstein equations:
2hαβ = −16piG
c4
ταβ, (2.55)
where the D’Alembertian operator 2 ≡ ηµν∂µ∂ν , and the right hand side is the stress-energy
pseudotensor :
ταβ = (
√−g)2(Tαβ + tαβLL + tαβH ). (2.56)
The stress energy pseudotensor has the added terms from the Landau-Lifshitz formalism of the
field equations (Landau and Lifshitz, 1971; Poisson and Will, 2014), tαβLL along with the harmonic
gauge contribution tαβH to the standard stress energy tensor T
αβ. The enforcement of this harmonic
gauge condition is equivalent to imposing
∂βτ
αβ = 0. (2.57)
It is important to note that although we have laid out our expansion parameters above, at this
point we have just re-written the field equations, and no approximations have been made. Also note
also the underlying similarities to equation (2.48), replacing ρ with a stress energy pseudotensor,
the potential φ with the harmonic metric, and the Laplacian operator with the D’Alembertian
operator.
Due to the D’Alembertian operator acting on a set of functions hαβ(x), we can immediately write
down a formal solution in terms of the retarded Green’s function G(x, x′) about a flat background
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ηαβ:
hαβ(x) =
4G
c4
∫
G(x, x′)ταβ(x′)d4x′, (2.58)
where the Green’s function is given explicitly by
G(x, x′) =
δ(ct− ct′ − |x− x′|)
|x− x′| . (2.59)
We want to iteratively solve this equation in powers of G to construct hαβ
hαβ = Gkαβ1 +G
2kαβ2 +G
3kαβ3 + .... (2.60)
The idea is that this expansion (an asymptotic expansion that will not converge given infinite
terms, due to singularities in the integral of (2.58) limiting its radius of convergence), will at least
be a good approximation to the metric in some portion of the spacetime.
Schematically, we take a recursive approach as follows:
• Iteration zero: we set hαβ to zero, and immediately obtain gαβ0 = η
αβ, the metric for flat
spacetime. Then, we construct ταβ0 , and find the stress energy pseudotensor for the zeroth
iteration.
• Iteration one: we solve the equation 2hαβ = −(16piG/c4)ταβ0 for hαβ1 = Gkαβ1 . The source
term is known from the zeroth iteration, so we can solve for the metric perturbation by
integrating in terms of the matter variables that reside in ταβ0 . We can then construct the
metric g1αβ and form the stress energy pseudotensor τ
αβ
1 , which is in terms of the matter stress
energy tensor Tαβ, as well as the field terms tαβLL and t
αβ
H , which will be in terms of the first
iteration of h.
• Iteration two: we solve the equation 2hαβ = −(16piG/c4)ταβ1 for hαβ2 = Gkαβ1 + G2kαβ2 .
Again, the source term is known from the first iteration, so this should be solvable, from
which we construct the metric g2αβ, and from that, τ
αβ
2 . Because this depends on iteration 1
34
Chapter 2. Analytic Techniques
and iteration 0, we can see that this process becomes more and more difficult as we iterate.
Once we have iterated this procedure enough that we are satisfied 10, we are left with hαβn =
Gkαβ1 +G
2kαβ2 + ...+G
nkαβn . The last step is to apply the gauge condition ∂αh
αβ = 0, which will
pin down the matter variables and return gnαβ in terms of the field variables x and is a proper tensor
field now.
Applying this procedure and quoting the results (after much effort) (Poisson and Will, 2014),
we obtain the wave zone post-Minkowskian expansion of the metric h:
h00 =
4G
c2r
[
M +
1
2c2
I¨jknjnk + 1
6c3
...I jknnjnknn + ...
]
, (2.61a)
h0i =
4G
c2r
[
1
2c
I¨jknk + 1
12c3
(
...I jkn − 2mjkJ¨mn
)
nknn + ...
]
, (2.61b)
hij =
4G
c2r
[
1
2
I¨jk + 1
6c
(
...I jkn + 2mnjJ¨mk + 2mnkJ¨mj)nn + ...
]
, (2.61c)
where the potentials are in terms of nj = xj/r, and the mass type and current type multipole
moments:
Ijk(τ) =
∫
ρ∗xjxkd3x+O(G), (2.62a)
Ijkn(τ) =
∫
ρ∗xjxkxnd3x+O(G), (2.62b)
J jk(τ) = jab
∫
ρ∗xavbxkd3x+O(G), (2.62c)
the multipole moments depend on the retarded time τ = t− r/c, and the overdots indicate differ-
entiation with respect to τ . The first potential listed is the ordinary Newtonian potential that is
calculated from (2.48), and we can clearly see the post-Minkowski effects as higher order corrections
to these potentials.
10Or you have gone crazy and cannot handle another enormous integral over field and matter variables.
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2.3.2 Post-Newtonian Theory
Post-Newtonian theory starts in much the same way as post-Minkowsi theory, with an additional
constraint: the slow motion approximation. To reiterate, we have for the scaling relations:
tc ≡ characteristic time of the source, (2.63a)
ωc ≡ 2pi
tc
= characteristic frequency of the source, (2.63b)
λc ≡ 2pic
ωc
= ctc = characteristic wavelength of the radiation, (2.63c)
vc ≡ rc/tc = characteristic velocity of the source, (2.63d)
with the additional slow motion condition, which is aptly named for the velocities being small
compared to the speed of light:
vc  c. (2.64)
We can formulate the notion of slow motion and weak fields close to the source (known as the near
zone) as:
R λc = 2pic
ωc
= ctc. (2.65)
Note that with the definition of λc, along with the slow motion approximation, we are stating
equivalently that rc  λc. With the introduction of this new constraint, we formalize PN in
powers of the parameter vc/c  1, and not G as we did with the post-Minkowskian formulation
above. When we follow the exact same procedure laid out above for the post-Minkowski expansion,
with the added slow motion constraint, and the addition of keeping the integration field point x′ in
the near zone, we can obtain (with difficulty) the metric to the desired number of iterations. Here
we will explicitly show two iterations, which is formalized in detail in (Poisson and Will, 2014):
g00 = −1 + 2
c2
U +
2
c4
(Ψ− U2) +O(c−5), (2.66a)
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g0i = − 4
c3
Ui +O(c
−5), (2.66b)
gij = δij
(
1 +
2
c2
U
)
+O(c−5), (2.66c)
where
Ψ = ψ +
1
2
∂ttX, (2.67)
and the potentials that are defined in the metric are given by:
U(t,x) = G
∫
ρ∗′
|x− x′|d
3x′, (2.68a)
ψ(t,x) = G
∫
ρ∗′(3/2 v2′ − U ′ + Π′ + 3p′/ρ∗′)
|x− x′| d
3x′, (2.68b)
X(t,x) = G
∫
ρ∗′|x− x′|d3x′, (2.68c)
U i(t,x) = G
∫
ρ∗′vi′
|x− x′|d
3x′. (2.68d)
These terms have been explicitly non-spinning up until now for illustration, though we will consider
spinning PN theory in the remainder of this dissertation. Pushing the post-Newtonian theory to
higher orders is still an ongoing research effort (Blanchet et al., 1995; Blanchet, 1995; Kidder, 1995;
Blanchet, 1996; Owen et al., 1998; Blanchet et al., 1998; Tagoshi et al., 2001; Blanchet et al., 2006;
Bohe et al., 2013, 2015; Marsat et al., 2013; Marsat, 2015; Faye et al., 2006; Bernard et al., 2018).
Taking a closer look at these equations, we see that the gravitational potentials are coupled to
the fluid dynamics closely; this is because the stress energy pseudotensor still captures all of the
matter effects. The potentials (2.68a) are all instantaneous potentials here; they do not depend on
the retarded time τ ; the state of the potential at a time t is only dependent on that time. There
are, however, retardation effects in the metric through the double time derivative present in Ψ,
which arises due to the iterative solving of the wave equation for hαβ. We need to note here that
the metric is not valid beyond r = λc. This is due to the slow motion of the matter being tied to
the slow variance of the metric. In the wave zone, however, this is no longer the case. Far from the
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source, the characteristic velocity becomes the wave speed c, which is no longer tied to the motion
of the matter.
With this metric in hand, we can solve for the motion of two bodies 11 moving in this spacetime.
We utilize the center of mass frame, with variables:
x ≡ y1 − y2, (2.69a)
v ≡ v1 − v2 = dx
dt
, (2.69b)
n = x/r, (2.69c)
with mass variables:
m ≡ m1 +m2 , (2.70a)
µ ≡ m1m2/m , (2.70b)
ν ≡ µ/m = m1m2/m2 , (2.70c)
∆ ≡ (m1 −m2)/m , (2.70d)
Ma ≡ ma/m . (2.70e)
The relative acceleration equation of motion (in the CM frame, and harmonic coordinates from
above) can be expressed in the generic form
~a =
d~v
dt
= ~BNS + ~BSO + ~BSS + ~BSSS +O(SSSS) , (2.71)
where NS denotes non-spin contributions, SO denotes linear-in-spin (spin-orbit) contributions, SS
denotes quadratic-in-spin (spin-spin) contributions, and so on. The spin terms have been calculated
in a compendium of papers (Faye et al., 2006; Blanchet et al., 2006; Marsat et al., 2013; Bohe
et al., 2013, 2015; Marsat, 2015). In this work, we ignore all quartic-in-spin terms (Quartic-in-spin
terms are known to leading order in ADMTT coordinates. However, these higher-order spin terms
11We are considering only black holes here, though in principle this can be extended to matter sources such as
neutron stars.
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have not yet been calculated in harmonic coordinates, which is the coordinate system that we work
in throughout.). Each term represents a post-Newtonian expansion, given schematically as
~BNS = ~B
(0PN)
NS +
1
c2
~B
(1PN)
NS +
1
c4
~B
(2PN)
NS +
1
c5
~B
(2.5PN)
NS
+
1
c6
~B
(3PN)
NS +
1
c7
~B
(3.5PN)
NS +O
(
1
c8
)
, (2.72a)
~BSO =
1
c3
~B
(1.5PN)
SO +
1
c5
~B
(2.5PN)
SO +
1
c7
~B
(3.5PN)
SO +O
(
1
c8
)
, (2.72b)
~BSS =
1
c4
~B
(2PN)
SS +
1
c6
~B
(3PN)
SS +O
(
1
c8
)
, (2.72c)
~BSSS =
1
c5
~B
(2.5PN)
SSS +
1
c7
~B
(3.5PN)
SSS +O
(
1
c9
)
. (2.72d)
This notation is how we reference the order of the expansion for counting purposes. Since
v/c  1, we call any term O(v/c2) “1PN”, meaning one iteration above Newtonian order. To
orient ourselves, spin-orbit terms first appear at 1.5PN order, spin-spin coupling enters at 2PN,
spin-spin-spin coupling enters at 2.5PN, and radiation reaction terms enter at 2.5PN. For this work,
we keep up to 3.5PN order consistently.
Note that the next term in spin-orbit effects is O(1/c8) instead of O(1/c9), due to radiation
reaction, which enters each term at 2.5PN beyond leading order. The above PN counting for the
spin effects assumes that the binary masses are maximally spinning black holes (χ = a/m2BH ' 1).
For sub-maximally spinning objects (χ . 1), each spin contribution would get pushed to higher
order by 0.5PN (e.g., the leading-order of spin-orbit effects would enter at 2PN instead of 1.5PN,
spin-spin effects would enter at 2.5PN instead of 2PN, and so on). See Blanchet (2014) for more
discussion. Explicit expressions for the above terms are given in (Blanchet, 2014; Faye et al., 2006;
Blanchet et al., 2006; Marsat et al., 2013; Bohe et al., 2013, 2015; Marsat, 2015). We will put the
equations of motion into another, more usable form, in chapter 4.
With (2.72a), we can calculate many quantities that are valuable for our purposes. Specifically,
in the case of circular orbits, we can use (2.72a) to obtain the orbital frequency Ω2. Introducing the
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frequency-related parameter x ≡ (GmΩ/c3)2/3 gives a relation x(γ), which may then be inverted
order-by-order to obtain a relation γ(x). With γ(x) in hand, we may re-express any function of
the coordinate-related parameter γ in terms of the frequency-related parameter x instead. This is
often preferable, since expressions in terms of the frequency-related parameter are gauge-invariant,
whereas expressions in terms of the coordinate-related parameter are not. Examples of quantities
that are useful to express as functions of x are the energy, E(x), the flux, F(x), and the orbital
phase, φ(x). Expressions for these quantities are found in (Ajith et al., 2007) and (Blanchet,
2014).
2.3.3 Black Hole Perturbation Theory
Black hole perturbation theory, much like the approximate techniques described above, is an ex-
pansion about a small parameter. In this approach, we consider a background black hole spacetime,
with a small parameter perturbing it. It can be thought of as
gµν = g
BH
µν + hµν , (2.73)
where gBHµν is the background spacetime (for our purposes a black hole spacetime), and hµν is the
perturbation.
To begin describing these metric perturbations, we need to briefly discuss tetrad formalisms.
When solving problems in general relativity, it is important to express the tensorial quantities in a
basis that makes sense. Tetrad formalisms do so by expanding in a four dimensional basis adapted
to the underlying symmetries of the problem. This is the basis of the Newman-Penrose formalism,
which uses a choice of null basis vectors consisting of a pair of real null vectors n and l, and a
pair of complex-conjugate null vectors m and m¯, to reformulate the Einstein field equations and
Bianchi identities in terms of these vectors and the Ricci rotation coefficients 12. These vectors are
12See (Chandrasekhar, 1992) for much, much more on this.
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called the principle null directions of the spacetime 13, with the orthogonality conditions:
l ·m = l · m¯ = n ·m = n · m¯ = 0, (2.74)
the null conditions:
l · l = n · n = m ·m = m¯ · m¯ = 0, (2.75)
and the normalization conditions:
l · n = 1, (2.76a)
m · m¯ = −1. (2.76b)
With this choice of basis vectors, we can represent the Weyl tensor by five scalars:
Ψ0 = −Cαβµν lαmβlµmν , (2.77a)
Ψ1 = −Cαβµν lαnβlµmν , (2.77b)
Ψ2 = −Cαβµν lαmβm¯µnν , (2.77c)
Ψ3 = −Cαβµν lαnβm¯µnν , (2.77d)
Ψ4 = −Cαβµνnαm¯βnµm¯ν . (2.77e)
These are known as the Weyl scalars, and are very important to perturbation theory.
The second thing that we need before moving forward is the concept of algebraically special
spacetimes. It is possible for the principle null directions to coincide. In particular, in the Kerr
(and Schwarzschild) spacetime, there are two repeated null vectors (2.41a). This is referred to as
an algebraically special spacetime of type D, also often called Petrov type D 14. The power of
these algebraically special spacetimes is that rotations about the principle null directions can set
13The principle null direction vectors ka must satisfy the relation kbkck[eCa]bc[dkf ] = 0, where Cabcd is the Weyl
tensor.
14Named after Alexei Zinovyevich Petrov, who pioneered this work. This leads to an interesting observation, which
is if you ever formalize something very challenging, name it after yourself.
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the Weyl scalars to zero without loss of generality. In type D spacetimes, rotations about these null
directions can set Ψ0,Ψ1,Ψ3, andΨ4 to zero. When we introduced Kerr, we used the null vectors n
a
and la, equation (2.41a), which can now be identified as the two repeated principle null directions
of the Kerr spacetime. This tetrad is called the Kinnersly tetrad.
From here, we consider perturbations to Schwarzschild and Kerr. Perturbation equations are
not exactly an algebraically special type D solution; all of the Ψ’s will show up in the Einstein
equations and Bianchi identities, but all of them will obey certain master functions, allowing us
to exploit the algebraically special nature of the background spacetime, and solve the Einstein
equations and Bianchi identities exactly.
For Schwarzschild, the method for solving these coupled equations is called the Regge-Wheeler-
Zerilli formalism (Regge and Wheeler, 1957; Zerilli, 1970; Moncrief, 1974), and the solutions
are given in terms of the Regge-Wheeler-Zerilli-Moncrief master functions. In Kerr, the master
equation is called the Teukolsky equation (Teukolsky, 1973), and is written in the Boyer-Lindquist
coordinates specified above as:
[
(r2+a2)2
∆ − a2 sin2 θ
]
∂2Ψ
∂t2
+ 4Mar∆
∂2Ψ
∂t∂φ +
[
a2
∆
− 1
sin2 θ
]
∂2Ψ
∂φ2
−∆−s ∂
∂r
(
∆s+1
∂Ψ
∂r
)
(2.78)
− 1sin θ ∂∂θ
(
sin θ ∂Ψ∂θ
)
− 2s
[
a(r−M)
∆ +
i cos θ
sin2 θ
]
∂Ψ
∂φ −2s
[
M(r2 − a2)
∆
− r − ia cos θ
]
∂Ψ
∂t
+ (s2 cot2 θ − s)Ψ = 0.
The parameter s in the Teukolsky equation above (which is written in Boyer-Lindquist coordinates)
is called the spin weight of the dependent variable. For ingoing gravitational radiation, the spin
weight is −2. For outgoing radiation, the spin weight is +2. From the solution to the Teukolsky
equation (or master functions for Schwarzschild) for all of the Ψ’s, we can construct the explicit
metric perturbation for a given problem. We will utilize this in the hybrid metric construction done
in chapter 3.
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2.4 Formulation of Gravitational Radiation
With the formulation of post-Newtonian and post-Minkowsi theory completed, we now turn to
gravitational waves from binary black holes. From post-Minkowski theory, we obtained the metric
behavior in the far zone (2.61a). We can schematically view these in the form:
hαβ = Aαβeikαx
α
, (2.79)
which is a plane wave solution far from the source, which we can obtain this from the post-
Minkowski metric directly by identifying the multipole moments schematically, and imposing the
harmonic gauge condition ∂αh
αβ = 0. We can specialize further by imposing two conditions,
Aαα = 0, (2.80)
and
AαβU
β = 0, (2.81)
called the traverse-traceless gauge, notated as AαβTT , reducing the rank (0, 2) tensor Aαβ to just two
components, which we call the plus polarization and the cross polarization of the wave.
Applying the geodesic deviation equation (2.15) to the separation vector ξα, with the additional
assumption of slow motion, demonstrates the effect of the metric in the far zone, gαβ = ηαβ + h¯αβ
(the factor of h¯αβ is called the trace-reversed metric, and is defined as h¯αβ = hαβ − 1/2hηαβ). It
simplifies the geodesic deviation equation and allows for immediate integration
ξj(t) = ξj(0) +
1
2
hjkTT (t−R/c)ξk(0), (2.82)
which shows that the changes in the displacement vector are driven by the transverse-traceless
Minkowski potentials and is proportional to the initial separation ξk(0).
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The gravitational potentials in the post-Minkowski metric are given schematically as:
hjk =
G
c4R
Ajk(τ, ~N), (2.83)
we now have to extract the TT part to obtain the radiation. This can be done most easily by
constructing a TT projection operator. We start by parameterizing the direction ~N by the standard
polar angles θ and φ,
~N = [sin θ cosφ, sin θ sinφ, cos θ]. (2.84)
Next, we introduce the vectors ~θ and ~φ,
~θ = [cos θ cosφ, cos θ sinφ,− sin θ], (2.85a)
~φ = [− sinφ, cos θ, 0], (2.85b)
which are orthogonal to ~N , and to each other. This allows us to write the projection operator as:
P jk = θjθk + φjφk, (2.86)
and decompose the tensor AjkTT into the two independent polarizations:
AjkTT = A+(θ
jθk − φjφk) +A×(θjφk + φjθk), (2.87)
or equivalently:
A+ = 1/2(θjθk − φjφk)AjkTT , (2.88a)
A× = 1/2(θjφk + φjθk)A
jk
TT . (2.88b)
We can now apply this to the binary black hole motion in the far zone. From the post-Minkowski
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expansion detailed above, to leading order, our schematic tensor is Ajk = 2I¨jk, where again,
Ijk(τ) =
∫
ρ∗(τ, ~x′)x′jx′kd3x′ +O(c−2). (2.89)
This leads to the famous quadrupole formula:
hjkTT =
2G
c4R
I¨jkTT . (2.90)
We can write all of this in the language of the binary black hole parameters from the post-
Newtonian section equations (2.69a) and (2.70a), which reduce the quadrupole moment Ijk to
Ijk = ηmrjrk, and I¨jk becomes 1/2 I¨jk = ηm(vjvk − (Gm/r)njnk), reducing the quadrupole
formula to:
hjk =
4Gηm
c4R
(
vjvk − Gm
r
njnk
)
. (2.91)
This formula will become the jumping off point of our gravitational wave analysis in chapter 4.
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CHAPTER 3
CONSTRUCTION OF AN APPROXIMATE GLOBAL
SPACETIME WITH SPIN VIA ASYMPTOTIC MATCHING
3.1 Introduction
In this chapter, we detail the construction of approximate global spacetimes with spin for the
inspiral regime. The main research focus is to simulate the effects of spinning supermassive BHB
mergers on nearby gas in sufficient detail to enable EM observations of these events. This chapter
represents a major step forward in achieving this goal by providing an analytic spacetime that
can handle spinning BHBs. A handful of numerical relativity simulations of BHBs have been
successfully carried on for nearly a hundred orbits (Lousto and Healy, 2015a; Szilagyi et al., 2015),
providing the necessary waveforms for current and future GW detectors (Aasi et al., 2014; Mroue
et al., 2013).
However, in the case of BHBs in a gaseous environment, numerical magnetohydrodynamic
(MHD) simulations are still very expensive to carry out (Bode et al., 2010, 2012; Pahari and Pal,
2010; Farris et al., 2010, 2011; Farris et al., 2012; Farris et al., 2014; Farris et al., 2015; Giacomazzo
et al., 2012; Gold et al., 2013, 2014). This is because we need to resolve turbulences and shocks
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in the gas, as well as secular variations in the circumbinary disk on the time scale of hundreds
to thousands of binary orbits (see Ref. (Noble et al., 2012) for detailed discussion). In order to
make long-term and accurate MHD simulations possible, we developed a complementary analytic
approach to treat dynamical, nonspinning, BHB spacetimes (Noble et al., 2012; Mundim et al.,
2014; Zilhao et al., 2015; Zilha˜o and Noble, 2014). This spacetime is a solution to the Einstein field
equations in the approximation that the BHB is slowly inspiralling to merger. In this situation,
gravity is weak [rg/r = GM/(rc
2)  1] and motions are slow [v/c  1], so the post-Newtonian
(PN) approximation is a very good description of spacetime. Using a spacetime accurate to 2.5PN
order (i.e., including terms up to ∼ (rg/r)5/2), and using the 3.5PN equations of motion (EOM) to
describe the GW driven inspiral of the orbital evolution (Blanchet, 2014), we demonstrated that
circumbinary disks can track a supermassive BHB for hundreds of orbits until the binary practically
reaches the relativistic merger regime (Noble et al., 2012).
In a more recent paper (Mundim et al., 2014), we extended the metric all the way down to the
horizons of each BH. We did this by broadening the framework introduced in Refs. (Yunes et al.,
2006; Yunes and Tichy, 2006; Johnson-McDaniel et al., 2009) for constructing a spacetime metric
valid for initial data, to a full dynamical spacetime metric valid for arbitrary times. This metric
is constructed by stitching together different spacetime metrics valid in different regions of the full
BHB spacetime (see 3.2). We extend this framework here to include the effects of spinning BHs.
There are important spin-based effects which affect the dynamics of the BHB that can also
significantly alter the dynamic of the surrounding gas. The mechanisms associated with accretion
at larger separations may drive the spins into alignment with both the binary orbital axis and the
circumbinary disk axis (Bogdanovic et al., 2007; Miller and Krolik, 2013; Sorathia et al., 2013). In
this case, another mechanism due to spin-orbit coupling can delay or prompts the merger of the
BHB according to the sign of the spin-orbit coupling (Campanelli et al., 2006b). This could have
a significant effect on the total pre-merger light output and its time-dependence.
At closer BHB separations, little is know about the effectiveness of these accretion driven spin-
alignment mechanisms. In this situation, spin-spin and spin-orbit interactions can also cause the
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spins to precess, leading to time-dependence in non-planar gas orbits (Campanelli et al., 2006).
Gravitomagnetic torques arising from the BH spins oblique to the orbital axis may then push the
accretion streams onto the BHs out of the orbital plane and alter the tidal limitation of the mini-
disks, particularly for relatively small binary separations. Another interesting spin effect is the
recently discovered spin-flip-flop phenomenon (Lousto and Healy, 2015a,b), where the spin of one
of the BHs completely reverses. This may cause the gas in the neighborhood of the binary to be
continually disturbed in a manner that will produce a very distinct EM signature from the disk.
Finally, highly spinning BHBs may recoil at thousands of km/s (Campanelli et al., 2007a,b; Koppitz
et al., 2007; Gonza´lez et al., 2007) due to asymmetrical emission of gravitational radiation induced
by the BH spins (Lousto et al., 2012; Lousto and Zlochower, 2011). The resulting ejected BH
may carry along part of the original accretion disk causing it to be bright enough to be observable
(see (Komossa, 2012) for a review).
In this chapter, we generalize (Mundim et al., 2014) to spinning BHBs, with spins aligned
and counteraligned with the orbital angular momentum of the binary, in a quasi circular inspiral.
We will address the case of oblique spins and spin precession (Thorne and Hartle, 1985) in this
chapter as well. Our new spinning global metric must, of course, approximately satisfy the Einstein
equations, if it is to be considered a true spacetime metric representing a BHB. For each zone, we
check the validity of the spacetime analytically in the black hole perturbation, the PN and the
post-Minkowski (PM) approximations by computing the deviations from Einstein’s equations. We
can construct several curvature invariants to determine the overall accuracy of the approximations.
One such invariant is the Ricci scalar, which can be compared against the exact vacuum solution
quantity of R = 0. Another quantity is the Hamiltonian constraint, which is used in the numerical
relativity community to measure the amount of “fake” mass in the system caused by violations
to the Einstein vacuum field equations. Finally, we introduce an invariant quantity related to the
Kretschmann invariant RµνρδR
µνρδ, which has the benefit of being a normalized measure of the
violation of the global metric to the Einstein equations.
This chapter is organized as follows. Sec. 3.2 outlines the different approximate metrics, and
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details of their construction and matching to obtain the global metric. Sec. 3.6 discusses the
numerical analysis of this global metric by the calculation of several spacetime invariants that
impress upon us the validity of the global metric. Finally, Sec. 3.4 contains useful discussion,
conclusions, and future work. The final remarks are given in 3.5.1, 3.5.2, 3.5.3, and 3.5.4, describe
the choice of transition functions that are utilized in the global metric, the details of the ingoing
Kerr to Cook-Scheel coordinate transformation, the innermost stable circular orbit (ISCO) and an
effective evaluation of the inner zone metric.
3.2 Construction of Approximate Global Metric
We are concerned with the construction of the approximate global metric with spin for a BHB
pair on a quasi circular inspiral, in the inspiral regime. To find this global metric for the BHBs,
we first consider the individual regions where different approximations and assumptions hold (see
Table 3.1 and Figure 3.1); the inner zone (IZ) around BH1 (IZ1) and around BH2 (IZ2), the near
zone (NZ) around the two BHs, and the far zone (FZ) or wave zone farthest out.
Table 3.1: Regions of validity for the different zones and BZ locations. Here r1 and r2 are the
distances from the first or second BH with mass m1 or m2, r is the distance from the center of
mass to a field point, r12 is the orbital separation, and λ is the gravitational wavelength. For BZs
to exist, the system must satisfy m1,2  r12, though we expect that the metric will break down
before this condition is violated. (This was also presented in Refs. (Gallouin et al., 2012; Mundim
et al., 2014; Zlochower et al., 2015).)
Zone Region of Validity
IZ1 0 < r1  r12
IZ2 0 < r2  r12
NZ mA  rA  λ
FZ r12  r < ∞
IZ1-NZ BZ m1  r1  r12
IZ2-NZ BZ m2  r2  r12
NZ-FZ BZ r12  r  λ
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3.2.1 Subdividing Spacetime
In the inner region very close to the individual BHs, we treat the spacetime as a vacuum
Kerr solution with linear perturbations as in Ref. (Yunes and Gonza´lez, 2006). The PN metric
subdivision that was briefly discussed above is known as the NZ. This metric is valid in the slow
motion, weak field limit. The addition of spins to the NZ will add terms to the PN expansion
which, to lowest order, are the 1.5PN for the slow motion expansion (e.g., 1.5PN is order (v/c)3),
leading-order spin-orbit coupling and 2PN leading-order spin-spin terms. The NZ is defined to be
valid in a region far away from the individual BHs (to not violate the weak-field approximation),
but not farther away than a gravitational wavelength (λ ∼ 2pi/ωGW ∼ pi/ωorb ∼ pi(r312/M)1/2,
where M = m1 + m2 is the total mass) from the center of mass of the binary system. The region
even farther out than a gravitational wavelength from the center of mass can be described as the
FZ, in which the metric takes the form of flat (Minkowski) space, with outgoing GWs perturbing
the spacetime. The FZ is modeled with a PM (or multipolar) formalism (Will and Wiseman, 1996).
Unlike in PN formalism, PM expansions correctly treat the retardation of the gravitational field,
which is essential for understanding the FZ. This subdivision of the spacetime into different regions
will only be valid as long as the slow motion approximation holds, and will break down around an
orbital separation r12 ≈ 10M (Yunes and Berti, 2008; Zhang et al., 2011) 1.
Once we have the individual metrics for the different zones, we stitch them all together into a
global metric, asymptotically matching the IZ, NZ, and FZ to each other in buffer zones (BZs).
The procedure of matching adjacent metrics to one another requires the metrics to be in the same
coordinate system. In other words, one of the metrics (and its parameters) will be related to
the next door metric via some coordinate transformations, constructed such that the transformed
metric asymptotically approaches the adjacent metric in the BZ. Asymptotic matching in GR has
been successfully done in Refs. (Yunes et al., 2006; Alvi, 2000; Pati and Will, 2002; Alvi, 2003;
Yunes and Tichy, 2006; Yunes, 2007; Johnson-McDaniel et al., 2009; Gallouin et al., 2012), but
1All of this is discussed in detail in chapter 2. We re-state it here for emphasis and for the convenience of the
reader.
50
Chapter 3. Approximate Spacetimes with Spin
in all of these papers, the authors asymptotically matched in the context of initial data for BHB
simulations, which implies that their focuses were on a particular spatial hypersurface. However,
in the context of this work, this restriction must be lifted if there is to be any hope of dynamic,
long time evolutions of BHBs. Ref. (Mundim et al., 2014) successfully removed this restriction in
the context of nonspinning BHs. The task now is to do this in the context of spinning BHs. The
extension to spinning BHs should be more astrophysically relevant than the non spinning BHB
case covered in Ref. (Mundim et al., 2014), because it is thought that most astrophysical BHs have
spin (Bardeen, 1970).
Once the metrics have been asymptotically matched, we construct a global metric by introducing
transition functions that take us from one metric to the next in the BZs without introducing
artificial errors (Yunes, 2007) into the metric that are larger than the errors already incurred in the
approximations used in construction of the individual metrics.
The different zones and their associated BZs are summarized in Fig. 3.1 and Table 3.1. The
cyan shells indicate the BZs between the individual subdivided metrics, where both of the adjacent
metrics are valid. We note that the figure is purely schematic; in general, there is no inherent
symmetry that would cause the BZs to be like the spherical shells depicted, so in reality these
BZs would be distorted. It is in these BZs that asymptotic matching of the individual metrics
takes place. Finally, the resulting matched metrics are stitched together with the proper transition
functions satisfying the Frankenstein theorems (Yunes, 2007), yielding a global analytic approximate
spacetime. The construction of the asymptotically matched global metric has been calculated in
Ref. (Gallouin et al., 2012), but only in the context of initial data and not for long time evolutions
of the BHB system.
3.2.2 Inner Zone
The IZs in Fig. 3.1 and Table 3.1 are constructed following the work laid out in Ref. (Yunes and
Gonza´lez, 2006), and applied to BHB initial data on a single spatial hypersurface in Ref. (Gallouin
et al., 2012). The IZ metric is approximately described by the Kerr metric gKerrµν plus a linearized
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Figure 3.1: A schematic diagram detailing the different zones for the approximate analytic space-
time looking down the z-axis at a particular instant in time. The black dots on the x-axis represent
the two BHs, with an orbital separation of r12. The cyan shells indicate the BZs – regions where
two adjacent metrics have overlapping regions of validity. The outermost shell is the NZ-FZ BZ,
with both the IZ1-NZ and IZ2-NZ BZs labeled around the individual BHs. The IZ, NZ, and FZ
are denoted as the regions contained by the BZs. Note that the circular nature of the BZs is not
physical, only schematic, and in general it is expected that they will have some distortions. (This
was also presented in Refs. (Gallouin et al., 2012; Mundim et al., 2014; Zlochower et al., 2015).)
vacuum perturbation hIZµν :
gIZµν = g
Kerr
µν + h
IZ
µν . (3.1)
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Here the Kerr metric is given by the mass of the Kerr BHmKerr, and the dimensional spin parameter
a, which can be related to the dimensionless spin parameter χ by a = χmKerr and the dimensional
spin S = χm2Kerr. It is convenient to work with χ in our calculations because it is a normalized
quantity (0 ≤ |χ| ≤ 1), with zero being a non spinning (Schwarzschild) BH, and one being a
maximally spinning Kerr BH.
The metric perturbation hIZµν has been studied and applied for Schwarzschild BHs, where we
can use the Regge-Wheeler-Zerilli-Moncrief formalism (Regge and Wheeler, 1957; Zerilli, 1970;
Moncrief, 1974; Nagar and Rezzolla, 2005), which is generally valid for static spherically symmetric
spacetimes. However, when looking at the case of the Kerr background, this formalism is not
applicable, because Kerr is not spherically symmetric, and so there is not a multipole decomposition
of metric perturbations, and the Einstein equations cannot be uncoupled into wave equations. A
reformulation due to Newman and Penrose (Newman and Penrose, 1962) (from here out referred to
as the NP formalism) of the Einstein equations and Bianchi identities projected along a null tetrad
coinciding with the null symmetries of the spacetime (Kerr BHs are a type D algebraically special
solution) allowed Teukolsky (Teukolsky, 1973) to write down a single master wave equation for the
perturbations of Kerr in terms of the Weyl scalars (constructed from contracting the Weyl tensor
with the same conveniently chosen null tetrad, called the Kinnersley tetrad) ψ0 or ψ4. Solutions to
the Teukolsky equation yield the perturbed Weyl scalars.
To obtain the metric perturbation from the Weyl scalar, we must use the Chrzanowski proce-
dure (Chrzanowski, 1975), which takes the Weyl scalar ψ0 and acts a differential operator on it
to yield a valid metric perturbation. This was later amended by Wald (Wald, 1978), and Kegeles
and Cohen (Kegeles and Cohen, 1979) to use a Hertz potential Ψ instead of a Weyl scalar (ψ0
for ingoing radiation, suitable for studying perturbations, or ψ4 for outgoing radiation, suitable
for GW studies (Campanelli and Lousto, 1999)). A brief description of the metric perturbation
construction via the Chrzanowski procedure is summarized in the following.
The metric perturbation hµν is constructed via the Chrzanowski procedure by applying a certain
differential operator to the so-called Hertz potential. The Hertz potential must satisfy a certain
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differential equation with a source given by the NP scalar ψ0, and the differential equation can be
inverted to yield the potential Ψ totally in terms of ψ0 (Wald, 1978; Ori, 2003). Therefore, the
construction of the metric perturbation hµν boils down to finding an appropriate solution for the
NP scalar ψ0. The metric perturbation is in the ingoing radiation gauge, given by the perturbation
contracted along the tetrad components, h`` = h`n = h`m = h`m = hmm = 0 where `µ and mµ are
components of the Kinnersley null tetrad, and mµ is the complex conjugate of mµ.
This NP scalar must, of course, satisfy the Teukolsky equation (Teukolsky, 1973). However,
when the external Universe (the source of the perturbation) is slowly-varying (as is the case of most
interest to this work, when the external Universe is a second BH on a quasi-circular inspiral with
a large separation), it is possible to solve this equation perturbatively (Yunes and Gonza´lez, 2006).
Thus, we can write ψ0 in terms of the spin-2 weighted spherical harmonics 2Ylm as
ψ0 =
∑
`,m
R`m(r)z`m(v) 2Y`m(θ, φ) , (3.2)
where the radial and time dependence are product decomposed into terms of unknown real functions
R`m(r), and complex functions z`m(v). Here, v is the advanced Kerr-Schild time coordinate. z`m can
be written in terms of electric and magnetic tidal tensors, which to leading-order in BH perturbation
theory (Poisson, 2004) can be truncated at the ` = 2 quadrupolar deformation. The radial functions
R`m must then satisfy the (time-independent) Teukolsky equation, and can be solved in terms of
hypergeometric functions. Solving the time-independent Teukolsky equation implies that the z`m
functions are slowly varying or constant in time. This can then be reconstructed into a functional
form for ψ0.
With this NP scalar under control, it is possible to compute the Hertz potential, and from that,
the full metric perturbation hµν . Ref. (Yunes and Gonza´lez, 2006) provides the full form of hµν in
Eddington-Finkelstein (ingoing Kerr) coordinates.
The final form of the IZ metric needs to have several desirable features to be of use. One of which
is horizon penetrating, Cook-Scheel harmonic (CS-H) coordinates (T, X, Y, Z) (Cook and Scheel,
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1997). The details of taking the IZ from the IK coordinates to the more useful CS-H coordinates
is left to the final remarks 3.5.2. From the CS-H coordinates, it is simply a matter of applying yet
another transformation to take the metric from the IZ coordinates to the coordinates used in the
NZ, the PN harmonic (PNH) coordinates.
3.2.3 Near Zone
The NZ in Fig. 3.1 and Table 3.1 is the region sufficiently distant from either BH that the metric
can be described through the PN metric:
gNZµν = ηµν + h
NZ
µν , (3.3)
where ηµν is the Minkowski (flat space) metric, and hµν is a PN metric perturbation (Gallouin
et al., 2012). In the PN approximation, the Einstein equations are solved in an expansion of both
v/c  1 (slow motion) and GM/(Rc2)  1 (weak fields), where M is the total mass of the BHs,
R is the orbital separation (r12) or the center of mass to one BH (r1,2), and the G’s and c’s have
been replaced for convenience. By construction, the PN approximation models the BHs as point
particles.
The metric perturbation we use is specified in Ref. (Blanchet et al., 1998) for the spin indepen-
dent terms and the first non-vanishing spin terms are outlined in Refs. (Tagoshi et al., 2001; Faye
et al., 2006), giving us a 1.5PN metric in PNH coordinates (which are a Cartesian-like, rectangular
coordinate system) to match the IZ to as
gNZ00 + 1 =
2m1
r1
+
m1
r1
[
4v21 − (n1 · v1)2
]− 2m21
r21
−m1m2
[
2
r1r2
+
r1
2r312
− r
2
1
2r2r312
+
5
2r2r12
]
+
4m1m2
3r212
(n12 · v12)
+
4
r21
ijkv
i
1s
j
1n
k
1 + (1↔ 2) +O(v6) ,
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gNZ0i =−
4m1
r1
vi1 −
2
r21
ijks
j
1n
k
1 + (1↔ 2) +O(v5) ,
gNZij − δij =
2m1
r1
δij + (1↔ 2) +O(v4) , (3.4)
where mA, s
i
A, y
i
A and v
i
A denote the mass, spin angular momentum, location and velocity of the
Ath PN particle, respectively. Other notations that have been introduced above are r12 = |y1−y2|,
n12 = (y1 − y2)/r12, v12 = v1 − v2, rA = |x− yA|, niA = (xi − yiA)/rA and ijk is the Levi-Civita
symbol.
In practice, we use higher-order PN EOM than is strictly allowed by matching. Since the IZ
metric is BH perturbation theory to first order, we cannot use any higher order than linear order for
the NZ metric in the matching calculation (see section 3.2.4 below). We can, however, use a higher
order PN EOM outside of the matching to have more accurate PN dynamics in the NZ for long
time evolutions of BHB systems. The higher order formulas are summarized in the appendix of
Ref. (Ajith et al., 2012), and also in Ref. (Blanchet, 2014) (see also Sec. 3.3.8). More specifically, we
may use the energy function in Eq. (A.11), flux function in Eq. (A.13), and mass loss in Eq. (A.14)
given in Ref. (Ajith et al., 2007) and follow the procedure to derive the orbital phase evolution
presented in Sec. 9.3 of Ref. (Blanchet, 2014). This gives the aligned spinning version of Eq. (317)
in Ref. (Blanchet, 2014) which is for the nonspinning case.
3.2.4 Asymptotic Matching
The IZ metric is described by the CS-H coordinates Xα and the parameters
Λa = {mKerr, a, zR,m, zI,m}, (3.5)
where zR,m and zI,m are the real and imaginary parts of z2m respectively. On the other hand, the
NZ metric is written in PNH coordinates xα with the parameters
λa = {m1, m2, b, si1, si2}. (3.6)
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We require that these two expressions be diffeomorphic to each other, leading us to a set of equations
that relate the coordinates of the two metrics
gNZαβ =
∂Xγ
∂xα
∂Xδ
∂xβ
gIZγδ , (3.7)
and expressions that relate the parameters used in each zone. We consider b = r12 a constant in
the matching calculation here and recover the time dependence in the final expression.
In the BZ in Fig. 3.1 and Table 3.1, we use series expansions with respect to (m2/b)
1/2 = O(v).
The IZ coordinates and parameters are expanded as
Xα
(
xβ
)
=
n∑
i=0
(m2
b
)i/2
(Xα)i
(
xβ
)
+O(vn+1) ,
Λa
(
λb
)
=
n∑
i=0
(m2
b
)i/2
(Λa)i
(
λb
)
+O(vn+1) , (3.8)
where (Xα)i and (Λ
a)i denote ith expansion functions of the NZ coordinates x
β and those of the
NZ parameters λb, respectively.
In the asymptotic matching between the IZ1 and NZ metrics to O[(m2/b)
1], i.e., n = 2 in the
above equations, we have already discussed in Ref. (Gallouin et al., 2012) that the non-spinning
matching transformation is sufficient, even if we consider the matching of the spinning case. This
is because the spinning body effect arises from the n = 3 matching. Obtaining the mass mKerr =
m1 (also the dimensional spin parameter a = s
z
1/m1 for non-precessing, spinning BHBs), the
quadrupolar field is
zR,0 =
2m2
b3
,
zR,2 =
6m2
b3
cos 2ωt , zR,−2 =
6m2
b3
cos 2ωt ,
zI,2 = −6m2
b3
sin 2ωt , zI,−2 =
6m2
b3
sin 2ωt , (3.9)
where ω ∼√M/b3 to lowest PN order, and the other components vanish.
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3.2.5 Expansion of the Nonspinning Part of the IZ and NZ Metrics
Using m1  r1  b in the BZ in Fig. 3.1 and Table 3.1, we expand the NZ and IZ metrics.
First, the NZ metric is expanded as in Ref. (Johnson-McDaniel et al., 2009)
gαβ =(gαβ)0 +
√
m2
b
(gαβ)1 +
(m2
b
)
(gαβ)2 +O(v3) , (3.10)
where
(gNZαβ )0 =ηαβ , (g
NZ
αβ )1 = 0 ,
(gNZαβ )2 =
[
2m1
m2
b
(r1)0
+ 2− 2
b
{
(r1)0 · (bˆ)0
}
+
1
b2
{
3[(r1)0 · (bˆ)0]2 − [(r1)0]2
}]
∆αβ . (3.11)
Here, ∆αβ = diag(1, 1, 1, 1), and (bˆ
k)0 = βˆ
k = {cosωt, sinωt, 0} is a unit vector. Note that there
is no spin contribution which is 1.5PN order.
Next, we treat the IZ metric in the BZ. The IZ metric up to the second order is derived as
(gIZαβ)0 =ηαβ (g
IZ
αβ)1 = 0 ,
(gIZ00 )2 =
2(mKerr)0
m2
b
(R)0
− 1
b2
(E¯kl)0(Xk)0(X l)0 ,
(gIZ0i )2 =
1
3b2
(Xi)0
(R)0
(E¯kl)0(Xk)0(X l)0
+
2
3b2
(R)0(E¯ik)0(Xk)0 ,
(gIZij )2 =
(
2(mKerr)0
m2
b
(R)0
− 1
3b2
(E¯kl)0(Xk)0(X l)0
)
δij
− 2
3b2
(E¯ij)0(R)20 . (3.12)
Here, the electric Ekl tidal tensor components are related to the parameters zR,m and zI,m as
EXX = −1
8
zR,−2 − 1
4
zR,0 − 1
8
zR,2 ,
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EXY = −1
8
zI,−2 +
1
8
zI,2 ,
EXZ = −1
4
zR,−1 − 1
4
zR,1 ,
EY Y = 1
8
zR,−2 − 1
4
zR,0 +
1
8
zR,2 ,
EY Z = −1
4
zI,−1 +
1
4
zI,1 ,
EZZ = 1
2
zR,0 , (3.13)
where EXX + EY Y + EZZ = 0, and Ekl is expanded as
Ekl = m2
b3
(E¯kl)0 +O(v3) . (3.14)
Since the magnetic tidal tensor components, Bkl, is higher order than Ekl, we ignore them when we
discuss the matching up to O[(m2/b)
1], and (E¯ij)0 is written as
(E¯ij)0 = δij − 3βˆiβˆj . (3.15)
We are using the notation βˆα = {0, cosωt, sinωt, 0} above.
3.2.6 Matching Calculation
We presented the formal expression of the asymptotic matching in Sec. 3.2.4, then the IZ and
NZ metrics in the BZ in Sec. 3.2.5. Using the results from Sec. 3.2.5, we calculate the coordinate
transformation for the asymptotic matching. This consists of solving Eq. (3.7) order by order to
O[(m2/b)
1] with respect to (m2/b)
1/2.
Zeroth-order Matching: O[(m2/b)
0]
At zeroth order, we have the matching equation
(gNZαβ )0 = (Aα
γ)0(Aβ
δ)0(g
IZ
γδ )0 , (3.16)
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with Aα
β = ∂αX
β. Using (gNZαβ )0 = (g
IZ
αβ)0 = ηαβ, and taking into account the position of BH1, the
zeroth order coordinate transformation is given by
(Xα)0 = x
α − m2
M
b βˆα ≡ x˜α . (3.17)
We also understand (ri1)0 = x˜
i. Here, it is noted that βˆα has a time dependence, i.e.,
∂t(X
α)0 = tˆ
α − m2
M
bω νˆα = tˆα −
√
m2
b
√
m2
M
νˆα , (3.18)
where tˆα = {1, 0, 0, 0} and νˆα = {0, − sinωt, cosωt, 0}. The last term in the above equation
creates the difference between Ref. (Gallouin et al., 2012) and this chapter.
First-order Matching: O[(m2/b)
1/2]
At first order, the matching equation becomes
(gNZαβ )1 =(Aα
γ)0(Aβ
δ)0(g
IZ
γδ )1
+ 2 (A(α
γ)1(Aβ)
δ)0(g
IZ
γδ )0 , (3.19)
where T(αβ) denotes symmetrization about two indices. Using (g
NZ
αβ )1 = (g
IZ
αβ)1 = 0, (g
IZ
γδ )0 = ηαβ,
∂i(X
α)0 = δi
α and Eq. (3.18), the above equation is written as
(A(αβ))1 +
√
m2
M
tˆ(ανˆβ) = 0 . (3.20)
One of the solutions can be obtained as
(Xα)1 = −
√
m2
M
y˜C tˆ
α , (3.21)
where y˜C = νˆix˜
i = νˆαx˜
α. We also use the notation x˜C = βˆix˜
i = βˆαx˜
α in the following analysis. x˜C
and y˜C are the coordinates centered on BH1 that are co-rotating with the binary.
60
Chapter 3. Approximate Spacetimes with Spin
Second-order Matching: O[(m2/b)
1]
In the above leading and first order analysis, we have derived
(Xα){1} = x˜α −
√
m2
b
√
m2
M
y˜C tˆ
α , (3.22)
where {1} denotes the leading + first order quantity. At second order, we have a formal expression
for the matching as
(gNZαβ ){2} =(Aα
γ){2}(Aβδ){2}(gIZγδ ){2} . (3.23)
Again, {2} means the leading + first order + second order quantity, and (Aαγ){2} is written by
(Aα
γ){2} =δαγ +
√
m2
b
[√
m2
M
tˆανˆ
γ −
√
m2
M
νˆαtˆ
γ
]
+
m2
b
[
−1
b
(
x˜C +
m2
M
b
)
tˆαtˆ
γ + (∂αX
γ)2
]
. (3.24)
Finding the solution for (Xγ)2 is the remaining task to complete.
Using the explicit expression of
[(Aα
γ)(2)(Aβ
δ)(2)ηγδ](2) = ηαβ +
m2
b
[
−2
b
x˜Ctˆαtˆβ − m2
M
tˆαtˆβ − m2
M
νˆανˆβ + 2(A(αβ))2
]
, (3.25)
and Eq. (3.15) for (E¯kj)0, we may solve
2(A(αβ))2 =
[(
2− 2
b
x˜C
)
∆αβ +
2
b
x˜Ctˆαtˆβ +
m2
M
tˆαtˆβ +
m2
M
νˆανˆβ
]
+
[
δiαδ
j
β
2
b2
(
x˜2Cδij − (r1)20βˆiβˆj
)]
+
[
(δiαtˆβ + δ
i
β tˆα)
1
3b2
(
3(r1)0x˜i − 3
(r1)0
x˜2Cx˜i − 6(r1)0x˜Cβˆi
)]
.
(3.26)
The second order coordinate transformation (Xα)2 is derived as follows. From the first bracket
61
Chapter 3. Approximate Spacetimes with Spin
in Eq. (3.26), we obtain a particular solution,
(Xα)2,p1 =
(
1 +
m2
2M
)
(x˜β tˆβ)tˆα +
(
1− x˜C
b
)
∆αix˜
i
+
∆ij x˜
ix˜j
2b
βˆα +
m2
2M
y˜Cνˆα , (3.27)
and from the second bracket, a particular solution is
(Xα)2,p2 = − 1
b2
(
(r1)
2
0x˜Cβˆi − x˜2Cx˜i
)
δiα . (3.28)
The third bracket gives a particular solution,
(Xα)2,p3 =
1
3b2
(
(r1)
3
0 − 3x˜2C(r1)0
)
tˆα . (3.29)
Finally, combining the above three particular solutions, the coordinate transformation is written
as
(Xα)2 =(Xα)2,p1 + (Xα)2,p2 + (Xα)2,p3 , (3.30)
where we have ignored the homogeneous solution which is required in higher order matching. This
means that the resultant coordinate transformation is not unique. The series expansion of (Xα)0 +√
m2/b(X
α)1 + (m2/b)(X
α)2 with respect to t/b 1 gives the same coordinate transformation as
obtained in Ref. (Gallouin et al., 2012).
In practice, we use the following explicit expressions for the coordinate transformation. Using
the PN orbital phase evolution ωt = φ = φ(t) and the PN evolution of the orbital separation
b = r12 = r12(t), and introducing the notations x˜
α = {t, x˜, y˜, z} and r˜1 =
√
x˜ix˜i (= (r1)0),
T = t−
√
m2
r12
√
m2
M
y˜C +
m2
r12
(
1
3
r˜31 − 3 x˜2Cr˜1
r122
−
(
1 +
1
2
m2
M
)
t
)
= t−
√
m2
r12
√
m2
M
y˜C +
m2
r12
(
1
3
r˜31 − 3 x˜2Cr˜1
r122
)
+
5
384
(2M +m2)(r
3
12 − r12(0)3)
M2m1
,
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X = x˜+
m2
r12
(
− r˜
2
1x˜C cosφ− x˜2Cx˜
r122
+ x˜
(
1− x˜C
r12
)
+
1
2
r˜21 cosφ
r12
− 1
2
m2 y˜C sinφ
M
)
,
Y = y˜ +
m2
r12
(
− r˜
2
1x˜C sinφ− x˜2Cy˜
r122
+ y˜
(
1− x˜C
r12
)
+
1
2
r˜21 sinφ
r12
+
1
2
m2 y˜C cosφ
M
)
,
Z = z +
m2
r12
(
x˜2Cz
r122
+ z
(
1− x˜C
r12
))
. (3.31)
Here, some terms with t in the T -component have been rewritten via the rate of change of the
orbital separation as in Ref. (Mundim et al., 2014),
t
r12
=
∫ t
0
dt
r12
=
∫ r12
r12(0)
dr12
(
dr12
dt
)−1 1
r12
= −
∫ r12
r12(0)
dr12
5r212
64M3η
= −5(r
3
12 − r12(0)3)
192M3η
, (3.32)
where r12(0) is the initial orbital separation which we set in the numerical calculation.
3.2.7 Global Metric
With the asymptotic matching of IZA (A= 1, 2) to the NZ in hand, we can stitch the IZ metric
to the NZ metric (and similarly with the NZ to FZ) together via the proper transition functions
in the BZ in Fig. 3.1 and Table 3.1. These transition functions are specially selected to obey the
Frankenstein theorems of Ref. (Yunes, 2007), and therefore will not introduce any error into the
metric calculation that is larger than the error already generated in the individual zones. The
global metric is then a weighted average
gµν =(1− ffar)
{
fnear
[
finner,1 g
NZ
µν + (1− finner,1) gIZ1µν
]
+ (1− fnear)
[
finner,2 g
NZ
µν + (1− finner,2) gIZ2µν
]}
+ ffar g
FZ
µν , (3.33)
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where the transition functions ffar, fnear, finner,1, and finner,2 are summarized in the final re-
marks 3.5.1.
Here, it is noted that we have used various different type/order approximations in the IZ, NZ,
and FZ metrics, and the EOM. Therefore, to choose the BZs, we need to take into account for
the largest possible error which arises from the finite order truncation in the approximations, for
example, O[(m2/b)
3/2] in the IZ1-NZ BZ. Using these BZs, we can obey the Frankenstein theorems
of Ref. (Yunes, 2007), and avoid any unphysical behavior due to different approximations.
To demonstrate that the matching and the construction of the global metric do not introduce
any pathological behavior in the coordinate choice outside the horizon, we examine the volume
element,
√−g, for the global metric, which encodes, for example, the IZ metric in the PN harmonic
coordinates, after the coordinate transformation and transition function have been carried out.
3.3 Numerical Analysis
To verify the correctness of the analytic metric approximating a spinning BHB spacetime,
we developed a battery of different and independent tests to judge the quality of the analytic
approximation as in Ref. (Mundim et al., 2014). We are mainly interested in identifying how
much this analytic approximation deviates from the true solution to the Einstein’s equations. In
order to achieve a reasonable, independent analysis of this approximation we resort then to the
computation of spacetime scalar invariants and their comparison against their expected values for
vacuum spacetimes. While these analyses might not be sufficient to judge all aspects of this new
metric it is definitely necessary to assess its overall quality especially when compared against other
analytic, approximate metrics.
We summarize in the following subsections which scalar invariants we have used in our analysis.
We then present the results for this analytic metric. Discussion on how these scalar invariants are
computed in our codes is left to the end of this section 3.3.7.
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Figure 3.2: Comparison of the volume element,
√−g, for the global metric for differing values of the
spin parameter χ, where both black holes have spin aligned with the orbital angular momentum
of the binary. In this plot and the following plots, the horizon is denoted by the grey dashed
vertical line, discussed in more detail in Fig. 3.5. The ISCO is the orange dashed vertical line (see
final remarks in this chapter 3.5.3 for details). The green dash-dotted vertical lines indicate the
boundaries of the different zones, and are consistent for all of the subsequent plots. It is good to
note here that the zone boundaries do change for differing spins, though not by much, so here we
picked the fiducial zone boundary for the χi = 0.9 (highly spinning) and aligned case.
3.3.1 Ricci Scalar
Using this global approximate metric, we calculate the Einstein tensor Gµν , the Ricci tensor
Rµν , the Ricci Scalar R and the relative Kretschmann invariant K (see section 3.3.2) to test the
validity of the approximate metric. If the BHB spacetime constructed is a valid vacuum solution,
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then it naturally must satisfy the ten Einstein equations in vacuum, Rµν = 0. Therefore, any
deviations from R = gµνR
µν = 0 can be interpreted as a measure of the violation to the Einstein
equations that the global metric has incurred by the approximate construction. In the following
analysis, we use the sign conventions laid out in Ref. (Misner et al., 1973) for all different geometric
quantities entering the computation of Ricci scalar. Note also that we have used projections of the
Ricci tensor along the hyperspace normal and into the time slices to compute the Hamiltonian and
Momentum constraints, which are consistent with the Ricci scalar analysis we present.
3.3.2 Relative Kretschmann
In principle, it is possible to construct many invariants for the BHB problem. Here we present
a new concept that we can use to evaluate the validity of the approximate, analytic metric. One of
the pitfalls of using a quantity such as the Ricci scalar in analysis of the violation to the Einstein
equations is that it is not a normalized quantity. The Ricci scalar can be large without bound, and
it is therefore difficult to assign meaning to a numerical quantity in the Ricci scalar without a scale
to compare our results with. The only scale that the Ricci scalar provides in vacuum is how far it
deviates from zero. A Ricci scalar value of 10−9 is better than a value of 10−6, but that is all that
we can really say about it. If we wish to use this as an assessment of the error, it becomes difficult
to assign meaning to the results if they are far from zero.
It would therefore be desirable to have a quantity that both measured the violation of the
Einstein equations and provides a scale, so values could be compared directly and we can easily
interpret them.
For this purpose, we introduce an invariant that can still give us a measure of the violation to
the Einstein equations and has the added benefit of being normalized: the relative Kretschmann
curvature scalar.
We recall the definition of the Weyl tensor Cµνρδ from chapter 2, equation 2.20, and Ref. (Wald,
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1978),
Rµνρδ =Cµνρδ + (gµ[ρRδ]ν − gν[ρRδ]µ)−
1
3
Rgµ[ρgδ]ν . (3.34)
From here, we contract the Weyl tensor with itself, eventually yielding Kretschmann curvature
scalar:
RµνρδR
µνρδ = CµνρδC
µνρδ + 2RµνR
µν − 1
3
R2 . (3.35)
We now can say that if the solution is exact, we know that this contraction of the Riemann tensor
should be equal exactly to the contraction of the Weyl tensor. In exact solutions to Einstein’s
equations, contraction of the Riemann tensor and the Ricci scalar are both zero. Therefore, we can
define a relative Kretschmann from the remainder:
Krel =
∣∣∣∣2RµνRµν −R2/3RµνρδRµνρδ
∣∣∣∣ , (3.36)
which is the remainder from the exact vacuum solution normalized by the Kretschmann invariant
RµνρδR
µνρδ. We expect that this value will be less than one anywhere in the global spacetime
for small violations from the vacuum spacetime. For larger violations, it may be possible to have
Krel > 1. This is because there is no constraint for the energy-momentum tensor which is converted
from the Ricci violation. We can now use this as a measure of the exactness of the solution, and
plot the residual that we obtain to get an idea what the relative violation is to the true (exact)
solution. Essentially this normalization introduces a scale to which we can compare the errors our
approximation produces, giving us the desirable feature of having a direct way achieve this task in
our spacetime.
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3.3.3 Accuracy of the Global Metric: the Ricci Scalar
In Ref. (Mundim et al., 2014), we showed how the violations of the Ricci scalar change as we
increase the order of approximation for an equal mass non-spinning BHB spacetime. Fortunately as
expected from the analytical point of view, those violations became smaller everywhere as we went
from a first order metric (with the quadrupole (IZ)-1PN (NZ) matching) to a second order metric
(with the octupole (IZ)-2PN (NZ) matching). We reproduce that result here in Fig. 3.3. Our work
in this chapter is the first step towards higher order of approximation for spinning BHBs. As shown
in Sec. 3.2.4, the matching for the spacetime construction is first order with the quadrupole order
for the IZ and 1PN order for the NZ. Since we do not have at the moment a higher order spinning
BHB spacetime to compare to, we use the first and second order metrics for non-spinning BHB
as a reference for the spinning metric. The idea is make sure that the spinning BHB metric does
not introduce any larger violations of the Ricci scalar than what we have already seen in the non-
spinning case. As we can see in Fig. 3.3 this is fortunately the case. The first order matched spinning
BHB metric results into Ricci violations that follow most closely the second order violations of the
non-spinning metric for regions far away from the BHs and lies in between first and second order
cases for regions closer to the BHs. The reason we obtain much better results for the first order
spinning BHB metric than for the first order non-spinning BHB metric is that we are indeed using
higher order spinning metric components here while keeping the matching to first order only. The
rationale is that while we would like to have a consistent order counting in this work and a future
one for second order one, we can already take advantage of higher order metric pieces with smaller
Ricci violations right now for our upcoming gas and MHD simulations.
As we increase the spin parameter value, χi, from its non-spinning value, χi = 0, to a very large
spinning configuration, χi = 0.9, we observe very little variations in the Ricci violations in the NZ
and FZ. That indicates the perturbation by spin addition to the system is small (see Fig. 3.4). As
we zoom into the NZ, Fig. 3.5, the differences in violation amongst all spinning cases become more
evident. Only at a small spacetime volume between the horizon location and a radius set by an
ISCO for an individual BH do these violation differences span more than one order of magnitude.
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Figure 3.3: The absolute value of the Ricci scalar along the x coordinate, at an initial separation
of 20M . We compare here the violations of the Ricci scalar for the spinning BHB metric against
the non-spinning (NS) BHB first and second order metrics (Mundim et al., 2014). It is interesting
to note that the new spinning BHB metric has violations of the same order of magnitude as the
previous non-spinning BHB metric.
While of great importance to accurately describe the spacetime in the vicinity of a BH, it is not so
crucial in determining particle or gas dynamics since they are expected to follow unstable circular
orbits and accrete into the BH. We hope in a future work to improve on these violation differences
between the spinning cases by introducing a second order asymptotic matching between the IZ and
NZ.
Next we exploit the effects of spin anti-alignment with the orbital angular momentum. We fix
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Figure 3.4: The absolute value of the Ricci scalar along x, at an initial separation of 20M . The
spin parameter is varied in this plot. We see that there is little qualitative variation in changing
χi.
our attention to the large spinning case, |χi| = 0.9. Again very little variation amongst the aligned,
anti-aligned and the zero-sum cases is observed in the NZ and FZ (see Fig. 3.6). As we zoom into
the IZ, Fig. 3.7, we can distinguish better among the cases, but none of them differ from each other
more than two orders of magnitude at ISCO locus.
Finally we show snapshots of the Ricci scalar as the binary evolves in time, starting from a
separation of r12 = 20M up until r12 = 8M roughly. We were careful to pick the instants of
time when the BHs cross the x-axis so that a comparison would be meaningful. As the separation
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Figure 3.5: The absolute value of the Ricci scalar along x, for aligned spins, zoomed in on the
inner region near the horizon. The horizon is denoted by the grey dashed vertical line, roughly at
a position of xh = xBH,1±M/2 on the x-axis, and is easier to distinguish here than in the previous
plots. The ISCO is the orange dashed vertical line (see final remarks 3.5.3 for details). The inset
shows the behavior close to the horizon.
decreases, the perturbation parameters become larger and larger leading to a poorer approximation
of the spacetime. As expected then, the violations of the Ricci scalar increases with evolution time
or decreasing binary separation as Fig. 3.8 shows for the aligned χi = 0.9 case. The take home
lesson from this figure is that the violations do increase with time, but in a orderly and smooth
fashion.
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Figure 3.6: The absolute value of the Ricci scalar along x, at an initial separation of 20M . This
plot shows the spin parameter χi varied for anti-aligned spins.
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Figure 3.7: The absolute value of the Ricci scalar along x, zoomed in near the BH to show the
violation near the horizon. This plot shows the spin parameter χi varied for anti-aligned spins.
The inset shows the behavior close to the horizon.
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Figure 3.8: The absolute value of the Ricci scalar along x, at an initial separation of 20M , 12M ,
and 8M , for spins χ1 = χ2 = 0.0 (top) and χ1 = χ2 = 0.9 aligned (bottom). Note that the
violation increases smoothly as we decrease in orbital separation. This gives good indication that
the dynamics is not introducing any spurious error into the metric.
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3.3.4 Accuracy of the Global Metric: the Hamiltonian Constraint
For posterity, we present here the Hamiltonian and Momentum constraints. In the numerical
relativity community, the Hamiltonian constraint is used as a proxy to measure the amount of
mass generated due to the numerical solutions not exactly solving the Einstein equations. In the
3+1 decomposition of the Einstein equations, the 4 dimensional spacetime manifold is split into
spatial hypersurfaces and evolved forward in time. The Einstein equations split into hyperbolic
evolution equations, and elliptic constraint equations which do not contain time derivatives, so
they must be satisfied on each spatial hypersurface. For the case of the ADM formulation, this
split yields 6 evolution equations and 4 constraint equations. The Hamiltonian constraint is one
of these constraint equations, which must be zero for the Einstein equations to be satisfied. The
Hamiltonian constraint is defined in terms of the extrinsic curvature K (not to be confused with
the relative Kretschmann that we will define later) as:
2npnrGpr = R+K
2 −KabKab . (3.37)
Now inserting the Einstein equations and defining the energy density:
ρ ≡ nanbT ab , (3.38)
we see
R+K2 −KabKab = 16piρ . (3.39)
This is the traditionally defined Hamiltonian constraint. We can see here that the Hamiltonian
constraint gives us an easy and natural way to relate the violation of the Einstein equations to the
generation of fake mass in the system.
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3.3.5 Aligned Spin
With this in hand, we can now address how the Hamiltonian constraint behaves in the BBH
spacetime that we are constructing. Plotting in the same way as we’ve done with the Ricci scalar,
we can look at the global behavior of the Hamiltonian constraint in 1-D along x.
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Figure 3.9: The absolute value of the Hamiltonian constraint along x, at an initial separation of
20M . Here the spins are incremented from zero spin to high (χ = 0.9) spin. We see similar behavior
to the Ricci scalar, including the “humps” in the BZs. The grey dashed line is the location of the
BH horizon, and the orange dashed line is the location of the highly spinning BH ISCO.
The horizon behavior is identical to the Ricci scalar, which we can explore by looking at a
zoomed view on the IZ. The singularity inside the horizon is the ring singularity in the Kerr metric
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again smeared out into a disk because of the finite difference approach to calculating the Riemann
tensor, and thus the Einstein tensor, which we use to construct the Hamiltonian constraint.
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Figure 3.10: The absolute value of the Hamiltonian constraint along x, at an initial separation of
20M , zoomed to focus on the IZ near the BH. Here again the spins are incremented from zero spin
to high (χ = 0.9) spin. The inner regions near the BH are similar to the Ricci scalar analysis,
including the singularity that is hit just inside the horizon. Again the grey dashed line is the
location of the BH horizon, and the orange dashed line is the location of the highly spinning BH
ISCO.
The fact that the behavior in the Hamiltonian and Ricci analyses mirror one another is also a
good indication of the accuracy and validity of the global metric, as both of these are interpretable
as mass that the system generates for not being an exact solution to the Einstein field equations.
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3.3.6 Accuracy of the Global Metric: the Relative Kretschmann
Here we plot the accuracy of the metric with respect to the relative Kretschmann invariant, to
contrast the Ricci analysis above.
As we can see from Fig. 3.11, the Kretschmann invariant becomes large near the BHs, and falls
off as 1/r6 as we move away from the BHs. This means that any error in the FZ will be divided
by a very small number, and so the relative Kretschmann will be large in the FZ. Therefore, in
the weak gravitational field, the relative Kretschmann cannot be used to meaningfully measure the
accuracy. On the other hand, it will be extremely small in the IZ where it is being divided by a
very big number. Thus, when the true gravitational field is strong, the relative Kretschmann can
be used as a meaningful measure of the spacetime accuracy.
We briefly discuss the FZ behavior in Figs. 3.12 and 3.14. In the FZ, the solution does not
follow the 1/r behavior that is expected. This is because the coefficients are calculated in the PN
approximation. We can show this schematically as follows. Imagine a schematic expression of the
FZ metric,
hFZµν ∼
Hµν
r
exp(−iω(t− r)) +O(1/r2) , (3.40)
where Hµν is evaluated from the PN multipole sources. When we plot the Ricci scalar in the FZ, we
have a 1/r factor that will act as a damping term. However, in the relative Kretschmann calculation,
this 1/r dependence cancels out due to the r dependence in the Kretschmann invariant. Therefore,
any error accumulated in the PN expression for Hµν will become an important contribution to the
overall error in the FZ, leading to some large finite amplitude of the Kretschmann at large r.
The Kretschmann invariant is not an independent measure of the error in the approximations,
just another way to look at the violation of the spacetime. The Ricci scalar contains information
about the spacetime violation, and since the behavior of the Ricci scalar in the FZ is damped as
expected, the observed behavior in the relative Kretschmann is not necessarily a concern given the
issues with this diagnostic discussed earlier due to the finite PN expression being divided by a small
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Figure 3.11: The Kretschmann invariant calculated for the BHB spacetime for differing values
of spin, all of which are aligned with the orbital angular momentum of the binary, at an initial
separation of r12 = 20M . The 1/r
6 behavior seen far from the two BHs (∼ 40M) is consistent with
the value of the Kretschmann in the single Schwarzschild BH case: K = 48M2/r6, where M is the
total mass of the binary centered on the origin. The inset shows the behavior close to the horizon,
where the spin effects become noticeable. The Kretschmann becomes large as it approaches a BH,
because the invariant blows up at a true singularity.
value of the Kretschmann. This is by no means a proof that the error in the FZ is not dominated
by noise that could be suppressed by taking the code to a higher precision, however, because the
Ricci scalar shows good behavior in the FZ, it is not worth the analysis that would be required
since other complementary invariants have shown excellent small violations in the FZ.
For these reasons, although the relative Kretschmann is a good way to measure errors in the
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Figure 3.12: The relative Kretschmann for an initial separation of r12 = 20M , with a grid resolution
of 0.0125. In this plot, we are plotting aligned spinning BHs, and increasing the dimensionless spin
parameter χi from non spinning to highly spinning. Observe the normalized behavior that these
plots exhibit. The violation to this invariant is very good close to the horizon due to the way that
we are normalizing. See Fig. 3.11 for the normalization function.
IZ, where the fields are strong and dynamical, it is a poor way to measure the overall accuracy of
the global metric in the weak field limit far from the compact sources.
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Figure 3.13: Zoomed in view of Fig. 3.12 around the IZ. The inset shows the behavior close to the
horizon.
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Figure 3.14: The relative Kretschmann for an initial separation of r12 = 20M , with a grid resolution
of 0.0125 for varying values of the dimensionless spin parameter χi. In this plot, we are looking
at what the relative Kretschmann does for anti-aligned BHs with high χi values. Observe the
normalized behavior that these plots exhibit. The violation to this invariant is very good close to
the horizon, due to the way that we are normalizing. See Fig. 3.11 for the normalization function.
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Figure 3.15: Zoomed in view of Fig. 3.14 around the IZ. The inset shows the behavior close to the
horizon.
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3.3.7 Numerical Methods
In order to compute the several geometric quantities needed for our analysis, partial derivatives
of the metric components are needed. One could try to obtain these derivatives analytically, in a
closed form, for each piece of the metric used when composing the global metric, however this would
result into extremely large expressions which could potentially defeat the goal of obtaining analytic
approximations of BHB spacetimes that are cheaper to compute than a full general relativistic nu-
merical computation. In addition, this fully analytic approach to the computation of the derivatives
would be extremely tricky to implement in the BZs where not only do we need to worry about the
metric matching but also the matching of its derivatives. These analytic complications give us incen-
tive to compute these derivatives numerically. In all computations showed in this chapter we have
discretized the partial derivatives using a centered, fourth order finite difference stencil. In Fig. 3.16
we show the Ricci scalar convergence factor (Q(t = 0, x) = (R4h − R2h)/(R2h − Rh) = 2p + O(h),
where h is the mesh spacing and p = 4 in our case. See Ref. (Mundim et al., 2014) for more details)
for several different resolutions demonstrating convergence to the continuum solution to the 4th
order of approximation. Since the solution spans several scales of length, different requirements in
terms of mesh spacings is needed to resolve the solution. For example, on the top panel the high-
est resolutions used to compute the convergence factor, hH/M = {0.025, 0.0125, 0.00625}, does
resolve well the solution features in the vicinity of the BH location, xBH,1/M = 10 in this case. In
addition we can see clearly the convergence factor tending to 16.0 around x/M = 9 or x/M = 11
as we increase the resolution used in QL to the ones in QM and QH , a clear indication of 4th order
convergence. However it is interesting to note that the high resolution mesh spacing set drives the
convergence factor outside the convergence regime approximately outside the interval [7M, 13M ].
This is mainly due to the limited precision to represent numbers in these computations (double
precision in our case). Subtractions of very similar numbers results in catastrophic loss of precision
which in turn results in poor convergence. A quadruple precision version of the code was used
in the past to evaluate and confirm this loss of precision, however its general use for our current
simulations is prohibitively expensive and we do not report its results here.
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One interesting reading from Fig. 3.16 concerns identifying the mesh spacing requirement
for each of the zones describing our metric. For example, in the vicinity of the BH location,
[10.5M, 11.5M ] we can safely say that the set of mesh spacings h/M = {0.00625, 0.0125, 0.025, 0.05}
allows for convergence of the 4th order scheme. As this x interval extends beyond, roughly
[11.5M, 20.0M ], the requirement changes to the set of h/M = {0.0125, 0.025, 0.05, 0.1}. As we
increase the interval farther away, [20.0M, 50.0M ], the set of h/M = {0.1, 0.2, 0.4, 0.8} seem rea-
sonable. As we go farther away from the BH location the resolution, [50M, 200M ], the resolution
requirement drops for h = {0.8, 1.6, 3.2, 6.4} approximately. Finally as we extend to intervals
of [200M, 1000M ] and beyond, mesh spacings of h/M = {3.2, 6.4, 12.8, 25.6} seem reasonable to
obtain converging solutions. From these studies it is clear then that we are able to obtain 4th
order converging solutions from the IZ to the FZ if we are careful in selecting the appropriate mesh
spacings.
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Figure 3.16: Convergence factor along x. Each of the above panels show the Ricci scalar convergence
factor Q at t = 0 along the coordinate x-axis for different intervals in x, depending on the set
of mesh spacing used in the convergence factor computation. On all panels the red dotted line
represents the convergence factor for the low resolution mesh spacing set used in that panel, while
the blue dashed and black solid lines the medium and high resolution mesh spacing set, respectively.
The green horizontal dashed line at Q = 16.0 is the theoretical solution at infinite resolution
h = 0. On the top panel, the low resolution mesh set, hL/M = {0.1, 0.05, 0.025}, is used to
compute QL, while the medium and high resolution ones are hM/M = {0.05, 0.025, 0.0125} and
hH/M = {0.025, 0.0125, 0.00625}, respectively. We masked out QH outside the interval [7M, 13M ]
to avoid noise due to round-off precision errors. On the second panel from above, the low resolution
set is hL/M = {0.8, 0.4, 0.2}, while the medium and high ones are hM/M = {0.4, 0.2, 0.1} and
hH/M = {0.2, 0.1, 0.05}, respectively. We also mask out QH and QM for x > 25M and x >
35M , respectively, to avoid round-off noise. On the third panel, we use hL/M = {6.4, 3.2, 1.6},
hM/M = {3.2, 1.6, 0.8} and hL/M = {1.6, 0.8, 0.4}. We mask out QH and QM for x > 90M
and x > 140M , respectively. Finally on the bottom panel, we use hL/M = {51.2, 25.6, 12.8},
hM/M = {25.6, 12.8, 6.4} and hL/M = {12.8, 6.4, 3.2}. These different sets of resolutions were
used here to emphasize the mesh spacings required to be in the convergence regime for different
zones.
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3.3.8 Orbital Hang-up Effect, and Long Time Evolutions of the BHB
In Ref. (Gallouin et al., 2012) the Ricci violation was shown for an initial spatial hypersurface.
This work has presented figures for the Ricci violation and relative Kretschmann by using Eq. (3.31)
as the coordinate transformation for long time evolutions of our dynamic spacetime, these figures
just capture a snapshot at an instant in time which is basically the same procedure that was used
for the initial data. This means that we just need the EOM at an instant in time, and it is not
necessary to solve the EOM. Therefore, it is not clear that we have introduced an appropriate EOM
for long time evolutions of the BHB system, and thus to confirm our results we present the orbital
evolutions.
A natural way to test this implementation of the EOM is to see if this work can reproduce any
of the known effects of spin dynamics in aligned non-precessing systems, such as the orbital hang-up
effect discovered in Ref. (Campanelli et al., 2006b). Recovering the hang up effect is an easy way to
show the correctness in the implementation of the EOM for the binary. The orbital hang-up effect is
an effect where the spin of the individual BHs add to the orbital angular momentum of the binary,
causing the orbit to inspiral more slowly, as it has to dissipate more angular momentum. This leads
to a pile up of the orbits, causing the “hang-up”. For the following plot, we will be considering
equal mass BHs in quasi circular orbits, with dimensions in terms of the total mass M = m1 +m2 of
the binary. This effect was shown to be the strongest at merger in Ref. (Campanelli et al., 2006b),
but as we show here it also has an effect in the PN regime.
This effect can be seen clearly in Fig. 3.17. Had the spins been anti-aligned, the reverse would
be seen, with the highly spinning BHs plunging quickly compared to the non spinning case. Com-
parisons to the orbital dynamics in Refs. (Noble et al., 2012) and Scheel et al. (2015) yield good
confirmation between the trajectory plotted and the non spinning trajectory here, offering reassur-
ance that the correct dynamics are being calculated in the PN approximation, and thus that our
results are valid for long time evolutions.
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Figure 3.17: The left panel is the orbital hang-up effect shown by plotting the individual trajectories
of BH1. Note that the orbits get bunched up as the spin is increased from χ1 = χ2 = 0.0 to 0.9.
Both of the BH spins are aligned with the orbital angular momentum of the binary. The right
panel shows the orbital hang-up effect as a decrease in the orbital separation as a function of time
for varying aligned spin parameters, with the fiducial spin values chosen to coincide with the spins
used in the Ricci and relative Kretschmann analyzes. For both the top and bottom panels, the
evolution was terminated at 14000M in time.
3.4 Discussion
We have constructed a globally analytic, approximate BHB spacetime via asymptotically match-
ing BH perturbation theory to PN formalism farther out to a PM spacetime even further away.
The procedure of asymptotic matching had to be generalized from Ref. (Gallouin et al., 2012) to
be valid on all spatial hypersurfaces, instead of a small group of initial hypersurfaces near t − t0.
Matching the metrics in this way allows us to construct a global metric, which is correct until the
PN approximation breaks down, around 10M in orbital separation.
The validity of this global metric was extensively tested using several different techniques.
We first calculated the absolute value of the Ricci scalar and plotted it along a particular axis
and compared it with the exact solution value R = 0. Then the evolution of the Ricci scalar was
explored, to ensure that there were no sporadic errors in the evolution that would contribute unduly
to the overall error. Fortunately, the behavior observed in this evolution was a smooth increase in
the violation to the Einstein field equations due to the slow motion assumption breaking down as
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the BHs inspiral.
To contrast with the Ricci scalar analysis, we performed an analysis by using the relative
Kretschmann Krel in Eq. (3.36). However, it was noticed that this measure of the error in the
global metric is not the best in the FZ, since the FZ behavior is not damped, and indeed appears
to be the largest contributor of error. As a result of this analysis, though the relative Kretschmann
has the attractive feature of being an invariant with a natural scale of comparison, we will be using
the Ricci scalar as the measure of the accuracy of the global metric out to the FZ, electing to use
the Kretschmann for studies of the violation close to either BH.
This metric is valid dynamically and for long time evolutions, which makes it an ideal metric to
use when studying effects happening in the relativistic regime of BHBs. The immediate application
of this metric is to implement it into the Harm3d code, which can then be used to study MHD
in the context of the BHB problem with spins. This will allow new studies of accretion physics,
giving us the theoretical tools to make predictions for the EM signatures of BHBs with spin.
Certain practical considerations are required when talking about this global metric construction.
In this chapter, we have considered only one choice of transition function, which is summarized in the
final remarks 3.5.1. The transition functions’ arguments were chosen by pragmatic considerations;
experimentally shown to give a lower violation to the Einstein field equations, and not necessarily
by any mathematical arguments, such as the Frankenstein theorems of Ref. (Yunes, 2007).
A study which will be important for the future is an in depth analysis of the transition region
near the IZ-NZ BZ. From preliminary hydrodynamic simulations, the mini disks around the in-
dividual BHs fall entirely in the BZ, and the choice of transition function may have a significant
impact on the spacetime, and thus the gas dynamics will be impacted. Practical choices of the free
parameters need to be explored further and will be highly valued for upcoming MHD runs.
Another test that can be done is to explore test particle trajectories in the spacetime. This
powerful tool will give us a good idea of how the spacetime is doing complementary to the violation
of the Ricci scalar and relative Kretschmann invariant. This is being developed currently, and will
be explored in detail in future work.
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A final step for this project is to generalize this to arbitrarily aligned spins, which will lead to
precession. This has the added benefit of being able to study even more interesting spin effects such
as transitional precession and spin flips. This will require refinement in our techniques. The IZ
metric will have to take into account that the tidal fields are no longer solely along the r direction,
but shifted so that the spin axis is arbitrarily aligned with the orbital angular momentum. The
EOM need to be updated to take into account the higher order spin dynamics, and the metric will
need to be modified to generate spins along any direction. Though this process will be arduous, a
fully analytic spacetime describing a precessing, arbitrarily aligned, spinning BHB spacetime will
allow for general relativistic magnetohydrodynamic (GRMHD) simulations to explore completely
new territory of gas dynamics in the context of precessing BH spins.
3.5 Final Remarks for Non-Precessing Matching Calculations
3.5.1 Transition functions
When constructing the global metric, we must introduce appropriate transition functions in the
BZs to avoid erroneous behaviors (Yunes, 2007). In this analysis, we follow Ref. (Mundim et al.,
2014), and use the following transition function:
f(r, r0, w, q, s) =

0 , r ≤ r0 ,
1
2
{
1 + tanh
[
s
pi
(
χ(r, r0, w)− q
2
χ(r, r0, w)
)]}
, r0 < r < r0 + w ,
1 , r ≥ r0 + w ,
(3.41)
where χ(r, r0, w) = tan[pi(r − r0)/(2w)], and r0, w, q and s are parameters. Great detail on this
transition function can be found in Refs. (Johnson-McDaniel et al., 2009; Yunes et al., 2006; Yunes
and Tichy, 2006). This transition function uses different parameters in each of the BZs, that are
modified from Ref. (Johnson-McDaniel et al., 2009).
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In the analysis, we started by using the parameters from Ref. (Mundim et al., 2014):
fnear = f(x, 2.2m2 −m1r12/M, r12 − 2.2M, 1, 1.4), (3.42)
finner,A = f(rA, 0.256r
T
A, 3.17(M
2r512)
1/7, 0.2, r12/M). (3.43)
Here rTA is the transition function radius, derived by requiring the uncontrolled remainders of the IZ
and NZ approximations be roughly equal. The NZ-FZ transition function is unchanged with respect
to Ref. (Mundim et al., 2014), and the details of this choice of transition function can be explored
in that paper. It should be noted that although we should formally use the transition functions
given in Ref. (Gallouin et al., 2012) due to the matching order according to the Frankenstein
theorems of Ref. (Yunes, 2007), we have used the above transition functions because it was found
by experiment that they give overall better results in the Ricci calculation. While this is not
mathematically rigorous, it is a practical choice that we made to minimize the violation to the
Einstein field equations represented by the Ricci scalar and the relative Kretschmann invariant.
It is also noted here that in practice we use the value s = b/M where b is a (constant) ini-
tial orbital separation, as opposed to r12/M which is time dependent. This choice was made in
Ref. (Mundim et al., 2014), so to compare as directly as possible, we use the same s parameter as
is used there.
In the course of doing large separation runs (≈ 100M) with the non spinning global metric, a
problem was found with the IZ-NZ transition function. At large separation, the value of s = r12/M
becomes large. As discussed in Ref. (Yunes and Tichy, 2006), q determines the location where the
transition function equals 1/2, and s sets the slope, given by s(1 + q2)/(2w). When we discuss the
Ricci scalar of the spacetime, s becomes more sensitive than q in setting the slope for fixed r0 and
w. Due to the value of r12 setting the slope, in large separation runs with m1 = m2 = m/2, the
second derivative of the transition function finner,A can become very large. Because of this, a new
value of s is suggested to minimize the absolute value of the second derivative of this transition
function. Due to analytic testing of the transition function, this s parameter was set to 12 for our
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future work and implementation into Harm3d.
Of course, there are many other parameters that set the transition function, all of which can
have wildly different values. In future work, it would be nice to have a way of optimizing the
parameters to give the minimum violation to the Ricci scalar. This could be achieved by using
a Monte Carlo simulation to explore this parameter space and pinpoint the ideal values of the
different parameters, while still being a valid transition function (i.e. obeying the Frankenstein
theorems (Yunes, 2007)). This will be reserved for future work.
3.5.2 Ingoing Kerr Coordinates to Cook-Scheel Harmonic Coordinates
The NZ metric is calculated in the PN harmonic coordinates, but to accurately describe gas
dynamics close to the event horizons, it is desirable to have the horizon penetrating property.
Therefore, the Cook-Scheel harmonic (CS-H) coordinates (Cook and Scheel, 1997) are ideal for the
Kerr spacetime, which describes the background IZ metric.
Here we change the notation used throughout the chapter slightly because this coordinate
transformation is for a single BH. Therefore, in this section only, we will take M to be the mass of
the individual Kerr BH, and not the total mass.
The IZ metric presented in Ref. (Yunes and Gonza´lez, 2006), however, is in the ingoing Kerr
(IK) coordinates. Noting the similarities between the more familiar Boyer-Lindquist (BL) coor-
dinates, rIK = rBL and θIK = θBL, we can rewrite the coordinate transformation from the IK
(vIK , rIK , θIK , φIK) coordinates to CS-H (tH, xH, yH, zH) coordinates
2:
tH = vIK − rIK + 2M ln
∣∣∣∣ 2MrIK − r−
∣∣∣∣ ,
xH + i yH = (rIK −M + i a)ei φIK sin θIK ,
zH = (rIK −M) cos θIK . (3.44)
2 Here, the changed notation of the CS-H coordinates is one of convenience. We add the subscript H so as not to
confuse ourselves.
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It is noted that the following calculations are similar to to the summary in the appendix of
Ref. (Yunes and Gonza´lez, 2006) for the coordinate transformation between the IK and Kerr-
Schild coordinates. To calculate the Jacobian to transform tensors, we rewrite the above relations
as
xH = [(rIK −M) cosφIK − a sinφIK ] sin θIK ,
yH = [(rIK −M) sinφIK + a cosφIK ] sin θIK ,
zH = (rIK −M) cos θIK . (3.45)
Here, we calculate the radial coordinate in the CS-H as
r2H = x
2
H + y
2
H + z
2
H
= r2IK − 2MrIK +M2 + a2 − a2 cos2 θIK . (3.46)
When we solve the above equation with respect to rIK , there are four solutions, and one of the
solutions,
rIK =
1
2
[
2
√
r4H − 2a2r2H + a4 + 4a2z2H
+ 2r2H − 2a2
]1/2
+M , (3.47)
gives the appropriate radial coordinate for large rH. Therefore, the inverse transformation is sum-
marized as
rIK =
√
r2H − a2 +W
2
+M ,
θIK = arccos
zH
(rIK −M) ,
φIK = arctan
(rIK −M) yH − a xH
(rIK −M)xH + a yH , (3.48)
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and
vIK = tH + rIK − 2M ln
∣∣∣∣ 2MrIK − r−
∣∣∣∣ , (3.49)
where
W =
√
(r2H − a2)2 + 4 a2 z2H . (3.50)
We have the useful relations,
sin θIK =
√
x2H + y
2
H
(rIK −M)2 + a2 ,
sinφIK =
(rIK −M) yH − a xH
[((rIK −M)2 + a2)(x2H + y2H)]1/2
,
cosφIK =
(rIK −M)xH + a yH
[((rIK −M)2 + a2)(x2H + y2H)]1/2
. (3.51)
Using the above inverse transformation, the Jacobian for this coordinate transformation, ∂xaIK/∂x
b
H
is calculated as
∂vIK
∂tH
= 1 ,
∂vIK
∂xH
=
xH
2 (rIK −M)
(
1 +
r2H − a2
W
)(
1 +
2M
rIK − r−
)
,
∂vIK
∂yH
=
yH
2 (rIK −M)
(
1 +
r2H − a2
W
)(
1 +
2M
rIK − r−
)
,
∂vIK
∂zH
=
zH
2 (rIK −M)
(
1 +
r2H + a
2
W
)(
1 +
2M
rIK − r−
)
,
∂rIK
∂tH
= 0 ,
∂rIK
∂xH
=
xH
2 (rIK −M)
(
1 +
r2H − a2
W
)
,
∂rIK
∂yH
=
yH
2 (rIK −M)
(
1 +
r2H − a2
W
)
,
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∂rIK
∂zH
=
zH
2 (rIK −M)
(
1 +
r2H + a
2
W
)
,
∂θIK
∂tH
= 0 ,
∂θIK
∂xH
=
xH zH
2 (rIK −M)2
(
1 +
r2H − a2
W
)
× ((rIK −M)2 − z2H)−1/2 ,
∂θIK
∂yH
=
yH zH
2 (rIK −M)2
(
1 +
r2H − a2
W
)
× ((rIK −M)2 − z2H)−1/2 ,
∂θIK
∂zH
= −
[
1− z
2
H
2 (rIK −M)2
(
1 +
r2H + a
2
W
)]
× ((rIK −M)2 − z2H)−1/2 ,
∂φIK
∂tH
= 0 ,
∂φIK
∂xH
= − yH
x2H + y
2
H
+
a xH
2 (rIK −M)((rIK −M)2 + a2)
×
(
1 +
r2H − a2
W
)
,
∂φIK
∂yH
=
xH
x2H + y
2
H
+
a yH
2 (rIK −M)((rIK −M)2 + a2)
×
(
1 +
r2H − a2
W
)
, (3.52)
∂φIK
∂zH
=
a zH
2 (rIK −M)((rIK −M)2 + a2)
×
(
1 +
r2H + a
2
W
)
. (3.53)
The right hand side of the above equations includes the IK and CS-H coordinates because the
expressions give a compact form. Although there is a apparent divergent behavior at rIK = M ,
this can be removed by using
rIK −M =
√
r2H − a2 +W
2
. (3.54)
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Finally, the perturbed metric in the IK coordinates is transformed to the CS-H coordinates as
gHµν =
∂xµ
′
IK
∂xµH
∂xν
′
IK
∂xνH
gIKµ′ν′ . (3.55)
This IZ metric in the CS-H coordinates will then be matched to the NZ metric.
3.5.3 Details about the Horizon and the Innermost Stable Circular Orbit
In our analysis of the validity of the spacetime, it is helpful to understand the location of the
BH horizon and the ISCO in the PNH coordinates. We discuss the coordinate transformation from
the BL to the CS-H coordinates again, because various useful results have been derived in the BL
coordinates.
The coordinate transformation from the BL coordinates (tBL, rBL, θBL, φBL) to the CS-H co-
ordinates (tH, xH, yH, zH) is given by
tH = tBL +
r2+ + a
2
r+ − r− ln
∣∣∣∣rBL − r+rBL − r−
∣∣∣∣ ,
xH + i yH = (rBL −M + i a)ei ϕ sin θBL ,
ϕ = φBL +
a
r+ − r− ln
∣∣∣∣rBL − r+rBL − r−
∣∣∣∣ ,
zH = (rBL −M) cos θBL , (3.56)
where r± = M ±
√
M2 − a2 denote the event horizon (r+) and Cauchy horizon (r−) in the BL
coordinates, and ϕ is same as φIK in section 3.5.2.
The following equations are useful to understand the CS-H coordinates.
x2H + y
2
H = [(rBL −M)2 + a2] sin2 θBL
= [(rBL −M)2 + a2]
(
1− z
2
H
(rBL −M)2
)
,
r2H = (rBL −M)2 + a2 sin2 θBL ,
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rH cos θH = zH = (rBL −M) cos θBL ,
φH = arctan
yH
xH
= φa + ϕ ;
φa = arctan
a
rBL −M . (3.57)
The event horizon (rBL = r+) is located at rH =
√
M2 − a2 cos2 θBL in the CS-H coordinates
from the transformations above. We also will use this location in the PNH coordinates as a rough
estimation of the event horizon because the transformation from the CS-H to the PNH coordinates
is treated perturbatively, so the location of the horizon will not change much. On the equatorial
plane (θBL = θH = pi/2), we have the event horizon at
rH = M , (3.58)
which is independent of the spin parameter, a. It is noted that there is a coordinate singularity at
rBL = M , i.e., rH = |a| sin θBL (x2H + y2H ≤ a2) and zH = 0 (Cook and Scheel, 1997).
The inverse transformation is obtained as
rBL =
1√
2
[r2H − a2 + ((r2H − a2)2 + 4 a2 z2H)1/2]1/2 +M
=RH +M ,
tBL =tH − (M +
√
M2 − a2)2 + a2
2
√
M2 − a2
× ln
∣∣∣∣∣RH −
√
M2 − a2
RH +
√
M2 − a2
∣∣∣∣∣ ,
θBL = arccos
zH
rBL −M = arccos
zH
RH
,
φBL =φH − φa − a
r+ − r− ln
∣∣∣∣rBL − r+rBL − r−
∣∣∣∣
= arctan
yH
xH
− arctan a
RH
− a
2
√
M2 − a2 ln
∣∣∣∣∣RH −
√
M2 − a2
RH +
√
M2 − a2
∣∣∣∣∣ . (3.59)
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Note here that rH and RH are different. The Taylor expansion about a = 0 (and M = 0) of
the above relation gives the same equations as in Ref. (Hergt and Schaefer, 2008). However, in
Ref. (Hergt and Schaefer, 2008), we find the time coordinate transformation as tH = tBL because
the harmonic coordinates are not unique. The other transformations remain unchanged from the
above equations.
For the evaluation of the ISCO, we turn to Ref. (Bardeen et al., 1972) and have the last stable
circular orbit (sometimes referred to as the marginally stable orbit) at
rms,BL =M{3 + Z2 ∓ [(3− Z1)(3 + Z1 + 2Z2)]1/2} ;
Z1 ≡1 + (1− a2/M2)1/3
× [(1 + a/M)1/3 + (1− a/M)1/3] ,
Z2 ≡(3a2/M2 + Z21 )1/2 , (3.60)
for the BL radial coordinate. Substituting this radius into the transformation for the CS-H coor-
dinates, we obtain Table 3.2.
Table 3.2: Radius of the marginally stable orbit for various spins in harmonic coordinates.
a/M rms,H/M
0.9 1.59836
0.6 2.89200
0.3 3.98982
0.0 5.00000
3.5.4 Computationally Effective IZ Metric
The metric perturbation in the IZ metric is described under the ingoing radiation gauge, hIZµν`
ν =
0 and hIZµµ = 0. Here, `ν is the Kinnersley null tetrad (Yunes and Gonza´lez, 2006). We can use
these five gauge conditions to reduce the computational cost for the calculation of the IZ metric. It
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is noted that all conditions are not independent and the existence of the gauge condition has been
discussed in Ref. (Price et al., 2007).
In practice, when we calculate hIZ22 , h
IZ
23 , h
IZ
24 , h
IZ
33 and h
IZ
34 , the other metric perturbations are
derived as
hIZ11 =
1
4
(
r2 − a2 + 2 a2 cos2 θ) (r2 − 2Mr + a2)2 hIZ22
(r2 + a2) (r2 + a2 cos2 θ)2
(3.61)
+
a
(
r2 − 2Mr + a2)hIZ24
(r2 + a2) (r2 + a2 cos2 θ)
− a
2 sin2 θhIZ33
(r2 + a2 cos2 θ)2
,
hIZ12 =−
1
2
(
r2 − 2Mr + a2)hIZ22
r2 + a2
− ah
IZ
24
r2 + a2
,
hIZ13 =−
1
2
(
r2 − 2Mr + a2)hIZ23
r2 + a2
− ah
IZ
34
r2 + a2
,
hIZ14 =−
1
4
sin4 θa3
(
r2 + a2 − 2Mr)2 hIZ22
(r2 + a2) (r2 + a2 cos2 θ)2
− 1
2
(
r2 − a2 cos2 θ + 2 a2) (r2 + a2 − 2Mr)hIZ24
(r2 + a2 cos2 θ) (r2 + a2)
+
a sin2 θ
(
r2 + a2
)
hIZ33
(r2 + a2 cos2 θ)2
,
hIZ44 =
a sin2 θ
(
r2 − 2Mr + a2)hIZ24
r2 + a2 cos2 θ
− 1
4
a2 sin4 θ
(
r2 − 2Mr + a2)2 hIZ22
(r2 + a2 cos2 θ)2
− sin
2 θ
(
r2 + a2
)2
hIZ33
(r2 + a2 cos2 θ)2
.
3.6 Asymptotic Matching in the Precessing Case
We can extend this asymptotic matching construction (in principle) to precessing, spinning
BHBs. To describe the NZ spacetime, we restrict to the currently available explicit PN expressions
published in the literature for the non-spinning and spin-orbit terms in the PN harmonic (PN-H)
coordinate system (xα = {t, x, y, z}) (Blanchet, 2014). Hence, we use (Blanchet et al., 1998) for
the spin independent terms up to 2.5PN order, and (Tagoshi et al., 2001; Faye et al., 2006) for the
non-vanishing spin terms up to 1.5PN order, and (Bohe et al., 2013) for the next-to-leading-order
spin terms. Higher order spin coupling terms have been calculated for the EOM and the equations
of the precession of the spins (Marsat, 2015; Bohe et al., 2015), but not the bulk metric. These
terms will be added to the metric in the future as they become explicitly available.
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The FZ metric is presented in (Will and Wiseman, 1996; Pati and Will, 2002; Johnson-McDaniel
et al., 2009), and asymptotically matched to the NZ in the NZ-FZ BZ automatically (Gallouin et al.,
2012). Therefore, we focus only on the matching calculation between the IZ and NZ metrics here.
3.6.1 Coordinate rotation
For simplicity and clarity of presentation, we discuss only IZ1 around BH1. The treatment of
BH2 is handled by changing the labels, 1 ↔ 2. The IZ spacetime is described by the Kerr back-
ground metric with the mass M1 and Kerr spin parameter a1 = M1χ1 and its perturbation (Yunes
and Gonza´lez, 2006) under the ingoing radiation gauge condition in Cook-Scheel harmonic (CS-H)
coordinates (Xα = {T, X, Y, Z}) (Cook and Scheel, 1997), where the spin is aligned along the Z
coordinate direction. This is a preferred coordinate system to describe the IZ spacetime.
On the other hand, for precessing BBHs, we need to treat an arbitrary time-dependent spin
direction in the PN-H coordinates where we want to describe the IZ and NZ metrics. The spin
direction specifies the Z coordinate direction of the CS-H coordinates. We express the spin as
~χ1 = χ1(sin Θ1 cos Φ1, sin Θ1 sin Φ1, cos Θ1) , (3.62)
in the spacial PN-H coordinates, {x, y, z}. Although Θ1 and Φ1 are functions of time, we may
consider the instantaneous spin angles and forget the time dependence in the matching calculation
because the time derivative of the spin angles becomes a higher order than the matching order of
this section 3. In section 3.2.4 and the following sections, we discussed the asymptotic matching
between the IZ and NZ metrics for aligned and counter-aligned spin cases, i.e., the spins along the
z coordinate direction. Therefore, it is useful to introduce a rotation of the spin as the following.
The above spin ~χ1 is transformed to ~χ
′
1 along the z coordinate by two rotations; first the rotation
through angle −Φ1 about the z axis and then the rotation through angle −Θ1 about the y axis as
~χ′1 = Y(−Θ1)Z(−Φ1)~χ1 = χ1(0, 0, 1) , (3.63)
3We will discuss the time dependence in Section 3.6.3 later.
100
Chapter 3. Approximate Spacetimes with Spin
where
Z(α) =

cosα − sinα 0
sinα cosα 0
0 0 1
 , Y(β) =

cosβ 0 sinβ
0 1 0
− sinβ 0 cosβ
 . (3.64)
We will use a notation here Zˆ(α) and Yˆ(β) in which the time-time component = 1 and the time-
space components = 0 are added to Z(α) and Y(β), respectively. For conciseness, it is helpful to de-
fine and use “tensor-like” notations for the above rotation matrices, i.e., Rµν(Yˆ(−Θ1), Zˆ(−Φ1)) =
Yˆ(−Θ1)Zˆ(−Φ1).
3.6.2 Matching calculation
Now that we have rotated the spin direction, we follow the procedure described in (Ireland
et al., 2016) directly to match the IZ to the NZ. In the BZ between the IZ and NZ, the NZ metric
gNZαβ is expanded by using m1  r1  b, where r1 denotes the distance from BH1 and b is the
orbital separation in the PN-H coordinates:
gNZαβ = (g
NZ
αβ )0 +
√
m2
b (g
NZ
αβ )1 +
(
m2
b
)
(gNZαβ )2 +O(v3) , (3.65)
where ( )i denotes the ith order quantity, and
(gNZαβ )0 = ηαβ ,
(gNZαβ )1 = 0 ,
(gNZαβ )2 =
[
2m1
m2
b
(r1)0
+ 2− 2
b
{
(~r1)0 · (~ˆb)0
}
+
1
b2
{
3[(~r1)0 · (~ˆb)0]2 − [(r1)0]2
}]
∆αβ . (3.66)
Here, ηαβ = diag(−1, 1, 1, 1) is the Minkowski metric, ∆αβ = diag(1, 1, 1, 1), and (~ˆb)0 = ~n12 is the
unit vector from BH2 to BH1. We will also use a notation βˆα = {0, ~n12} later. The difference
from (Ireland et al., 2016) due to the precession is in (
~ˆ
b)0, which is in the x–y plane for the
non-precessing case (Ireland et al., 2016), but in this work is in an arbitrary direction.
101
Chapter 3. Approximate Spacetimes with Spin
As in the non-precessing case, we carry the asymptotic matching up to O[(m2/b)
1]. For the NZ
and IZ metrics, the asymptotic matching is implemented order by order with respect to (m2/b)
1/2,
based on the relation between two metrics,
gNZαβ =
∂Xγ
∂xα
∂Xδ
∂xβ
gIZγδ . (3.67)
Here, we consider the matching of the IZ metric gIZγδ to the NZ metric for an arbitrary spin direction.
Since the spin terms do not enter into the matching calculation up to O[(m2/b)
1], except for the
spin direction, the result can be easily obtained as described below.
The equations to derive the coordinate transformation are only slightly modified from (Ireland
et al., 2016). The coordinate transformation up to first order (O[(m2/b)]
1/2), is rewritten as
(Xα){1} = Rαβ(Zˆ(Φ1), Yˆ(Θ1))
[
x˜β −√m2b √m2m y˜C tˆβ] , (3.68)
where we have used {1} to describe the leading + first order quantity, the total mass m = m1 +m2,
and x˜β is defined
x˜α = xα − m2
m
b βˆα , (3.69)
y˜C is defined as
y˜C = νˆαx˜
α , (3.70)
and tˆβ is defined
tˆα = {1, 0, 0, 0} . (3.71)
It is noted that the expression in the bracket of the above equation is same as (20) in (Ireland et al.,
2016).
In what follows, we derive the second order coordinate transformation for precessing, spinning,
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BBHs. In doing so, we first generalize equation (24) in (Ireland et al., 2016) to include the rotation
of the spin direction due to the precession. The solution to (3.26) is given by applying the rotation
Rαβ(Zˆ(Φ1), Yˆ(Θ1)), to the solution derived in (28) of (Ireland et al., 2016):
(Xα)2 = Rαβ(Zˆ(Φ1), Yˆ(Θ1))ηβγ(Xγ)2,nonP , (3.72)
where
(Xα)2,nonP =
(
1 + m22m
)
(x˜β tˆβ)tˆα +
(
1− x˜Cb
)
∆αix˜
i +
∆ij x˜
ix˜j
2b βˆα +
m2
2m y˜Cνˆα
− 1
b2
(
(r1)
2
0x˜Cβˆi − x˜2Cx˜i
)
δiα +
1
3b2
(
(r1)
3
0 − 3x˜2C(r1)0
)
tˆα , (3.73)
where x˜C and νˆα are
x˜C = βˆαx˜
α , (3.74)
and
νˆα = {0, ~λ12} = ∂tβˆα/Ω , (3.75)
respectively.
The explicit expressions for the coordinate transformation are also derived in a similar fashion:
Xα = Rαβ(Zˆ(Φ1), Yˆ(Θ1))XβnonP , (3.76)
where XαnonP are given as
TnonP = t−
√
m2
r12
√
m2
m
y˜C +
m2
r12
(
1
3
r˜31 − 3 x˜2Cr˜1
r122
)
+
5
384
(2m+m2)(r
3
12 − r12(0)3)
m2m1
,
XinonP = x˜
i +
m2
r12
((
1− x˜C
r12
)
x˜i +
1
2
r˜21
r12
ni12 +
1
2
m2 y˜C
m
λi12 −
r˜21x˜C n
i
12 − x˜2Cx˜i
r122
)
, (3.77)
where TnonP ≡ X0nonP , and λi12 is defined in (3.75). Here, we have used the evolution of the orbital
separation b = r12 = r12(t), and introduced r˜1 =
√
x˜ix˜i(= (r1)0). In (Ireland et al., 2016), the
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orbital plane is always in the x–y plane. For precessing BBHs, the orbit is fully 3 dimensional.
Therefore, XinonP has a vector form rather than a form specified only by the equatorial orbit.
3.6.3 Concluding Remarks
We have derived here a new global, analytic, approximate spacetime for precessing BBHs. The
construction follows closely the methods employed in (Ireland et al., 2016). In (Ireland et al.,
2016), we tested the validity of the global metric for non-precessing, spinning BBHs by using the
Ricci scalar to estimate the violations to the Einstein vacuum field equations, and the relative
Kretschmann invariant to discuss a normalized violation. The difference between Ireland et al.
(2016) and this work is only the precession due to misaligned spins. The leading order effect of
the precession on the violations arises from the time derivative of (3.17) where Θ1 and Φ1 are the
time-dependent spin angles, and the order is estimated as O[|~χ2|(m2/b)2] (see, e.g., (A6) of (Lousto
and Healy, 2015b)). On the other hand, the error in the matching is O[(m2/b)
3/2]. Therefore, the
precession effect is higher order than the matching error, and the violations of the new approximate
spacetime will be similar to those evaluated in (Ireland et al., 2016). It should be noted that in
higher order matching we will have completely different transformations which cannot be described
by a simple extension of the nonspinning case, due to the precession of spins.
Our expectation is that this new spacetime can be used directly in general relativistic magne-
tohydrodynamic and hydrodynamic simulations to study the circumbinary disk around the BBH
and individual mini disks around each BH for long time evolutions in the inspiral regime without
back reaction (see, e.g., circumbinary disk (Noble et al., 2012), mini disks (Bowen et al., 2017)).
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CHAPTER 4
POST-NEWTONIAN DYNAMICS OF ECCENTRIC,
SPINNING BINARIES
4.1 Introduction
In this chapter, we formulate and elucidate a method to calculate the orbits and gravitational
waveforms for binaries with generic masses, spins, and eccentricities.
This work was originally undertaken to fill a gap in the currently implemented waveform algo-
rithms for the LIGO scientific collaboration. When the LIGO detector uses analytic waveforms for
detections, there are two main approximate schemes: effective one-body (EOB) models and inspiral-
merger-ringdown (IMR) phenomenological models, all of which only consider quasi-circular orbits
unless otherwise explicitly specified (Pan et al., 2014; Taracchini et al., 2014; Hannam et al., 2014;
Santamar´ıa et al., 2010; Khan et al., 2016). EOB models are limited in the mass ratios and spin
parameters that they can consider. One example model, SEOBNRv2 1 (Taracchini et al., 2014),
creates template waveforms for mass ratios q ≤ 8, only considers aligned spin parameters, and those
spins can only range from −0.5 < χ < 0.5 for q 6= 1. The IMR model equivalent is IMRPhenomD
1 Spinning effective one body (SEOB) model tuned to numerical relativity (hence the NR), version two. In the
author’s own personal opinion, physicists have always had a hard time naming things unless it is an acronym of
exactly what the thing is, or is named after a person.
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2 (Khan et al., 2016), which is only for aligned spins, mass ratios q ≤ 18, and extends the spins
to −0.85 < χ < 0.85. There is a precessional EOB model, which again only treats quasi-circular
orbits, though it does relax the restrictions on mass ratio to q = 1 up to q = 100, and the spin mag-
nitudes can take any allowable values. There is an eccentric approximate developed for the LIGO
scientific collaboration, EccentricTD and EccentricFD (Huerta et al., 2014; Tanay et al., 2016)
(corresponding to the eccentric model in the time domain and frequency domain, respectively), but
these models only consider non-spinning black holes.
Our approach, however, allows us to use any spin values, mass ratios, and eccentricities, so long
as the binary has a large enough separation (around a periastron passage of r ∼ 10M , such that
the underlying PN theory does not break down). This approach offers a major step forward as a
way to generate eccentric, precessing gravitational waveforms in a direct and straightforward way.
This work is an extension of work first done by Lincoln and Will (Lincoln and Will, 1990). In
more recent work, (Levin et al., 2011) and (Csizmadia et al., 2012) used this framework to 3.5PN
to generate eccentric binaries in the PN harmonic gauge, and calculate the relevant waveforms.
The research focus of this project is to calculate the orbital quantities and waveforms from generic
binaries with the requisite accuracy to enable potential future observations from gravitational wave
detectors. This chapter details the methodology we use, and extends the previous work done by
other authors by giving quantitative comparisons to known PN methods for the first time.
Recent galactic binary simulations of dense globular clusters indicate that there exists a distinct
population (from (Rodriguez et al., 2018), about 3%) of binaries that enter the LIGO band (here
set to 10 Hz) with significant eccentricity (e > 0.1) (Rodriguez et al., 2018; Antonini and Rasio,
2016). These results add further motivation to this project, for if binaries can form and merge in
this way, then there will be a minority (but a distinct minority), that will enter with eccentricity,
which the detector may miss without templates for the match filtering.
In addition, a large fraction of binaries in dynamical interactions in globular clusters will have
significant eccentricity (∼ 50% of in-cluster mergers) will be detectible for the entirety of the LISA
2Inspiral-merger-rindown phenomenological model, iteration 4 (hence the D).
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band (∼ 10−3−10−1 Hz) (Breivik et al., 2016; D’Orazio and Samsing, 2018). Both 2-body mergers
(highly eccentric in cluster mergers in between single binary interactions) and 3-body mergers
(when a black hole binary forms with such high eccentricity that it is essentially a gravitational
wave capture before it can interact with a third body) will occur in clusters. LISA will be able to
measure the 2-body mergers, but not the 3-body mergers (Samsing and D’Orazio, 2018).
The regime of final inspiral to plunge and merger can only be modeled by numerical relativity
(Pretorius, 2005; Campanelli et al., 2006a; Baker et al., 2006; Campanelli et al., 2006b, 2007a,b;
Lousto and Healy, 2015c,b). The numerical relativity regime provides us a unique opportunity to
stitch our PN evolution onto the beginning of NR simulations and thusly create a full waveform
model for the binary using hybridization of waveforms (Ajith et al., 2012; Campanelli et al., 2009).
This chapter is organized as follows. Sec. 4.2 formulates the post-Newtonian equations of
motion for generic spins and eccentricities, including the initial conditions for quasi-circular orbits,
and discussion on some definitions of eccentricity that we explore. Sec. 4.2.5 discusses the Taylor
T4 method in more detail. Sec. 4.3 formalizes the gravitational radiation calculations that we use
for this work. Sec. 4.4 quantifies the comparisons of the equations of motion code with the Taylor
T4 method, including orbital frequency comparison, and waveform overlaps. Sec. 4.5 demonstrates
the flexibility of the EOM code, with demonstrations of orbital and waveform quantities for some
fiducial systems. Sec. 4.6 contains discussion, conclusions, and future work.
4.2 Formulation of PN Equations of Motion
4.2.1 Orbital Position Equations of Motion
The general case of unaligned spins (i.e., spins that are neither aligned nor anti-aligned with
the orbital angular momentum) leads to precession of the individual spins as well as precession of
the orbital angular momentum vector, and therefore precession of the orbital plane. To describe
this complicated motion requires two sets of coupled evolution equations: one set describing the
positions (trajectories) of the point masses, and one set describing the evolution of the spin of each
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point mass. We will review the position equations first, then the precession equations. Throughout,
we follow several PN papers that go through this in detail. See (Blanchet, 2014) for the non-spinning
terms, and (Marsat et al., 2013; Bohe et al., 2013) for the spin dependent terms.
Starting with the harmonic gauge in the center of mass frame, with mass variables equation
(2.70a), and relative position vectors and velocity vectors from equation (2.69a), the schematic
approach to the PN equations of motion equation (2.72a) laid out in chapter 2 can be reformulated
into the alternate form:
d~v
dt
= −Gm
r2
[
(1 +A)~n+ B~v + C~`
]
, (4.1)
where ~n is a unit vector directed along the orbital radius, ~v is the orbital velocity vector, and
~`= ~n× ~v/|~n× ~v| is a unit vector directed normal to the instantaneous orbital plane spanned by ~n
and ~v. The coefficients A, B, and C are the post-Newtonian coefficients, expanded both in PN and
spin orders, rearranged from the ~B’s that appear in (2.69a). Note that while the unit vector ~` is
orthogonal to ~n and ~v, the triad {~n,~v, ~`} does not form an orthogonal basis, because ~n and ~v will,
in general, not be orthogonal to one another (although they will be approximately orthogonal in
the special case of quasi-circular orbits). This resembles Eq.(129) in Ref. (Blanchet, 2014), except
for the additional C coefficient.
This interpretation is somewhat more transparent than in equation (2.72a). To illustrate this,
note that the term with coefficient C represents a component of the acceleration directed out of the
instantaneous orbital plane spanned by ~n and ~v. It therefore gives rise to precession of the orbital
plane and correspondingly ought to vanish identically when spins are aligned or anti-aligned with
the orbital angular momentum.
We can re-group these terms not dependent on ~` (the coefficients will be different in general,
and we note that by adding a tilde A˜) to form:
d~v
dt
= −Gm
r2
[
(1 + A˜)~n+ B˜~v
]
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+C˜1 (~n× ~S) + C˜2 (~n× ~Σ) + C˜3 (~S × ~v) + C˜4 (~Σ× ~v) . (4.2)
See Ref. (Blanchet, 2014) for the non-spinnning components of these A and B terms, and Refs.
(Faye et al., 2006; Blanchet et al., 2006; Marsat et al., 2013; Bohe et al., 2013) for the spin terms
and expressions for C˜1, C˜2, C˜3, and C˜4. Next, we can expand each cross-product using the following
identities
~n× ~S = r˙S˜`~n− S˜`~v + rΩS˜λ~` , (4.3)
~n× ~Σ = r˙Σ˜`~n− Σ˜`~v + rΩΣ˜λ~` , (4.4)
~S × ~v = −v2S˜`~n+ r˙S˜`~v + rΩ(Sn − r˙S˜λ)~` , (4.5)
~Σ× ~v = −v2Σ˜`~n+ r˙Σ˜`~v + rΩ(Σn − r˙Σ˜λ)~` , (4.6)
where Ω is the instantaneous orbital frequency, ~λ ≡ ~`× ~n, and we introduced the notation
S` = ~S · ~` ,
Sλ = ~S · ~λ ,
Σ` = ~Σ · ~` ,
Σλ = ~Σ · ~λ ,
and
S˜` = S`/(rΩ) ,
S˜λ = Sλ/(rΩ) ,
Σ˜` = Σ`/(rΩ) ,
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Σ˜λ = Σλ/(rΩ) .
The post-Newtonian expansion for Ω is only calculated in the case of quasi-circular orbits. In order
to avoid assuming quasi-circular orbits, we may replace rΩ in the above identities with the (exact)
identity
rΩ = |~n× ~v| =
√
v2 − r˙2 . (4.7)
After using equations (4.3)-(4.6) to eliminate the cross-products in (4.2) and recollecting terms,
one obtains an acceleration equation in the form (4.1), with
A = A˜ − (Gm/r2)−1
[
r˙S˜`C˜1 + r˙Σ˜`C˜2 − v2S˜`C˜3 − v2Σ˜`C˜4
]
, (4.8a)
B = B˜ − (Gm/r2)−1
[
−rΩS˜`C˜1 − rΩΣ˜`C˜2 + r˙S˜`C˜3 + r˙Σ˜`C˜4
]
, (4.8b)
C = −(Gm/r2)−1rΩ
[
S˜λC˜1 + Σ˜λC˜2 + (Sn − r˙S˜λ)C˜3 + (Σn − r˙Σ˜λ)C˜4
]
. (4.8c)
Note that this last equation is used in the case of quasi-circular orbits to compute the orbital
plane precession frequency $. Also note that in the case when spins are aligned or anti-aligned, C
vanishes identically (since in that case Sn = S˜λ = 0 and Σn = Σ˜λ = 0).
We close this section with some brief comments about radiation reaction. Through 3.5PN order
(inclusive), radiation reaction effects arise exclusively in the non-spin part of B, which is also the
non-spin part of B˜. Radiation reaction effects first appear in the non-spin part of A at 6PN. Spin
effects enter radiation reaction at 4PN, and radiation reaction effects enter spin contributions at
4PN. Furthermore, for quasi-circular orbits, the non-spin part of B contains only radiation reaction
effects. In that case, radiation reaction is completely controlled to 3.5PN by turning on/off the
non-spin part of B.
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4.2.2 Spin Precession Equations
In this section we overview the spin precession equations for two bodies with spins that are
unaligned with the orbital angular momentum. As mentioned previously, these equations are
needed to complete the equations of motion.
There is no unique definition of center of mass in a relativistic theory. The notion of spin inherits
this ambiguity, which gives rise to non-physical degrees of freedom that need to be controlled. This
is done by imposing a “spin supplementary condition” (or SSC) that eliminates the non-physical
degrees of freedom. The SSC is imposed on the spin tensor, out of which are constructed a spin
4-vector and eventually a spin 3-vector, with just three physical degrees of freedom. Following (Faye
et al., 2006; Blanchet et al., 2006; Marsat et al., 2013; Bohe et al., 2013), we use the Tulczyjew
SSC (Kidder, 1995).
Sµνpν = 0 (4.9)
We define spin 3-vectors with conserved norm by ~Sa, where a = 1, 2 is the label of the particles.
In terms of these conserved norm spin vectors, the precession equations are written as Eq. (4.10),
d~Sa
dt
= ~Ωa × ~Sa . (4.10)
where ~Ωa with a = 1, 2 are the precession vectors for mass 1 and 2, respectively. Each precession
vector can be decomposed as
~Ωa = ~Ωa,NS + ~Ωa,SO + ~Ωa,SS +O(SSS) (4.11)
The precession vectors are only expanded to quadratic-in-spin order, O(SS), because they get
multipled by a spin vector in the precession equation. Terms in the precession vectors at O(SSS)
would contribute at O(SSSS) in the precession equations, which is beyond the scope of this work.
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Each contribution to the precession vector is then decomposed into a PN expansion of the form
~Ωa,NS =
1
c2
~Ω
(1PN)
a,NS +
1
c4
~Ω
(2PN)
a,NS +
1
c6
~Ω
(3PN)
a,NS +
1
c7
~Ω
(3.5PN)
a,NS +O
(
1
c8
)
, (4.12a)
~Ωa,SO =
1
c3
~Ω
(1.5PN)
a,SO +
1
c5
~Ω
(2.5PN)
a,SO +
1
c7
~Ω
(3.5PN)
a,SO +O
(
1
c8
)
, (4.12b)
~Ωa,SS =
1
c6
~Ω
(3PN)
a,SS +O
(
1
c8
)
. (4.12c)
Explicit expressions for ~Ω1 and ~Ω2 are given in (Bohe et al., 2013).
Rather than work with the individual spin vectors ~S1 and ~S2, it is more convenient to work in
terms of the total spin
~S = ~S1 + ~S2 , (4.13)
and the relative spin difference
~Σ =
~S2
M2
−
~S1
M1
, (4.14)
where Ma ≡ ma/m with a = 1, 2. Unlike ~S1 and ~S2, the variables ~S and ~Σ do not have a conserved
norm. Their corresponding precession equations therefore do not take the same form as in (4.10);
instead they take the slightly more complicated form
d~S
dt
= (M1~Ω1 +M2~Ω2)× ~S + ν(~Ω2 − ~Ω1)× ~Σ , (4.15a)
d~Σ
dt
= (M2~Ω1 +M1~Ω2)× ~Σ + (~Ω2 − ~Ω1)× ~S . (4.15b)
Equations (4.15a) and (4.15b), along with the acceleration equation (4.1) comprise the equations
of motion of the two-body system. For a given set of initial conditions, this system of ODE’s is
easily solved numerically.
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4.2.3 Quasi-Circular Orbits
Until now we have made no assumptions about eccentricity; all of the expressions to this point
are valid for general orbits. Here we reduce the equations of motion to the case of quasi-circular
orbits.
To do this, following Ref. Faye et al. (2006), we introduce a moving orthonormal triad {~n,~λ, ~`},
where ~n is the same as above, ~` = ~n × ~v/|~n × ~v|, and ~λ = ~`× ~n. Notice that ~n and ~λ span the
orbital plane, while ~` is normal to it. In this basis, general kinematic considerations lead to the
acceleration equation
d~v
dt
= (r¨ − rΩ2)~n+ (rΩ˙ + 2r˙Ω)~λ+ r$Ω~` , (4.16)
where Ω is the orbital frequency and $ is the orbital plane precession frequency defined by $ =
−~λ · d~`/dt. Quasi-circular orbits r¨ ' r˙ ' Ω˙ ' 0, the acceleration equation reduces to
d~v
dt
' −rΩ2~n+ r$Ω~` . (4.17)
By identifying equations (4.17) and (4.1), one obtains post-Newtonian expansions for Ω2 and $.
Introducing the frequency-related parameter x ≡ (GmΩ/c3)2/3 gives a relation x(γ), which may
then be inverted order-by-order to obtain a relation γ(x). With γ(x) in hand, one may re-express
any function of the coordinate-related parameter γ in terms of the frequency-related parameter x.
This is often preferable, since expressions in terms of the frequency-related parameter are gauge-
invariant, whereas expressions in terms of the coordinate-related parameter are not. Examples of
quantities that are useful to express as functions of x are the energy, E(x), the flux, F(x), and the
orbital phase, φ(x). Expressions for these are given in section 4.7.1 in terms of phase variable v.
4.2.4 Eccentricity Definitions
Before we move onto discussing separate PN methods and quantifying comparisons using those
methods, it is good to have an operational definition of eccentricity with which to measure. Eccen-
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tricity in general relativity is difficult and unintuitive to define (Loutrel et al., 2018; Chandrasekhar,
1992; Yunes et al., 2009; Memmesheimer et al., 2004). As such, most Newtonian definitions aren’t
sufficient, and can give wildly different results. To illustrate this, we are going to take two differ-
ent parameterizations of the Newtonian eccentricity, the Runge-Lenz vector and a low eccentricity
definition of e used in NR.
The Newtonian Runge-Lenz vector is defined as (Poisson and Will, 2014):
~e =
(
v2
M
− 1
r
)
~r − ~r · ~v
M
~v, (4.18)
which, for a Newtonian orbit, is a constant of the motion, and implies that the eccentricity itself
is another constant of the motion. To obtain the scalar eccentricity, we simply take the magnitude
of this vector.
To contrast this, we will use another definition of eccentricity taken from numerical relativity
initial data:
e =
Amp[r2(t)r¨(t)]
M
. (4.19)
This definition is only valid when trying to construct low eccentricity initial data. Following (Cam-
panelli et al., 2009) and (Husa et al., 2008), we use the Newtonian orbital radius as a function of
time r(t) = M1/3Ω−2/3(1 + e sin(Ωt) +O(e2)), which contains secular terms and sinusoidal oscilla-
tions. By differentiating with respect to t, we can suppress the secular decay terms, which reduces
to r¨(t) ≈ −M1/3Ω4/3e sin(Ωt), and the full expression becomes
r2(t)r¨(t)
M
≈ −e sin(Ωt). (4.20)
Taking the amplitude of this yields the eccentricity measure.
We demonstrate the differences of these two approaches in figure 4.1, where we show the differ-
ences these eccentricity definitions in a non-spinning binary system at a low PN order at an initial
separation of 20M , as it evolves down to 10M .
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Figure 4.1: The difference that an eccentricity definition can make in the calculated eccentricity at
a given separation. For this figure, the black holes are non-spinning, start at 20M separation, and
are evolved using the orbital EOMs at low order (equation (2.72a) contains only the 0PN + 2.5PN
terms, all others are zero). The eccentricities are then calculated using equation (4.18) (blue) and
equation (4.19) (orange).
These eccentricity definitions work only for low eccentricity systems, so we need another defi-
nition for generic eccentricities.
For this, we use the geometric definition of eccentricity given as:
e =
rmax − rmin
rmax + rmin
, (4.21)
which is a workable definition of eccentricity for the orbit (Levin et al., 2011; Csizmadia et al.,
2012) in the situation of non-negligible eccentricity. Note this definition relies on the position of
the binary at different points in the orbit, so it is not an instantaneous definition at a point, instead
averaged over the orbit.
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4.2.5 The Taylor T4 Method
As outlined in chapter 2, Taylor T4 is an adiabatic approximation 3 that evolves the phase
and frequency of the black hole binary. There are two parts to this method. The first is the
phase evolution of the binary, which we will detail here, and the second is the calculation of the
gravitational radiation from the orbital phasing of the binary.
All of the formulas of energy and flux can be written in terms of the frequency variable v ≡
(MdΦ/dt)1/3, and we start with the basic definition of energy conservation, namely:
dE(v)
dt
+ F(v) + ˙M(v) = 0, (4.22)
where the time rate of change of the energy is equal to the flux leaving the system plus the mass
rate of change due to gravitational wave absorption. In practice, this black hole absorption is a very
high PN effect (O(5PN)), so we neglect it for the rest of this analysis, bringing our conservation
statement to
dE(v)
dt
= −F(v). (4.23)
We start with the energy balance equation (4.23), integrate it to find v(t), and therefore ω(t),
since dΦ/dt = ω. Taylor T4 explicitly takes the rational fraction,
dv
dt
= − F
dE/dv
, (4.24)
along with the evolution of the binary phase
dφ
dt
=
v3
M
, (4.25)
re-expands the fraction as a consistent PN series, then numerically integrates to obtain v(t) and
3An adiabatic approximation means that we do not consider the change in any quantity that is smaller than one
orbit, i.e., the inspiral of the black holes will not effect the orbit. As such, we consider spin precession on a different
timescale than the orbital timescale. The TaylorT4 approximation does not have spin precession built into it, and
are only for aligned spins.
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φ(t).
Full expressions of E(v), F (v), and dE/dv that we use are given in (Ajith et al., 2007), and
given in section 4.7.1. These equations assume a quasi-circular orbit for the trajectory. Taylor
T4 approximates integrate the energy balance equations and have been thoroughly explored and
developed. Further approximations can be constructed in the frequency domain (the Taylor f-
approximates). These methods have been compared, see (Buonanno et al., 2009).
4.3 Gravitational Radiation: T4 and Direct EOM
With the orbital quantities calculated for both T4 and the direct EOM formalism, we turn now
to the calculation of gravitational radiation from these two methods. To calculate the polarization
vectors h+ and h×, we need to define the principle axes for the gravitational waves. In particular,
we define ~N which is the radial direction to the observer, ~p, which lies along the line of nodes (for
our purposes we can set to be along the y axis), and ~q which is orthogonal to ~N and ~p. This allows
us to define the inclination i, and the phase φ, with respect to the Newtonian angular momentum
~L.
From equation (2.91), we extend the gravitational radiation from the quadrupole moment to
2PN by following (Will and Wiseman, 1996):
hij =
2µ
R
[
Qij + 1/2Qij + Qij + QijSO (4.26)
+ 3/2Qij + 3/2QijSO + 
2Qij + 2QijSO + 
2QijSS
]
TT
,
where the individual PN terms are broken up into non-spinning, spin-orbit (SO), and spin-spin
(SS) contributions. We have implemented all of the non-spinning contributions to the quadrupole
moment up to 2PN, in order to be in agreement with the gravitational wave calculations for Taylor
T4.
For the Taylor T4 gravitational waveforms, we follow (Blanchet, 2014), which expands the
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z	
x	
y	
Figure 4.2: The orbit-adapted vectors for gravitational wave polarizations. ~N is the direction to
the observer, ~p is along the line of nodes, and ~q = ~N × ~p. The phase of the binary φ is defined in
a right-handed sense. For the initial conditions, the binary starts on the x axis, and the phase is
defined from there. The Newtonian angular momentum ~L = µ~r × ~v defines the inclination i.
waveforms h+ and h× into PN orders as powers of the frequency variable x = (GMΩ/c3)2/3 4, and
expands
h+,× =
2Gµx
c2R
+∞∑
p=0
xp/2H(p/2)+,×(ψ, cos i, sin i, lnx) +O(1/R2) (4.27)
to the desired post Newtonian order. The phase variable ψ is related to the binary orbital phase φ
4 With the definition above for the parameter v, we can see that x = v2 in a consistent units system.
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by:
ψ = φ− 2GMADMΩ
c3
ln
(
Ω
Ω0
)
. (4.28)
This is referred to as the auxiliary phase variable that is “distorted by tails” (Blanchet, 2014). The
constant frequency Ω0 can be chosen at will, and for our analysis is set to 10 Hz (chosen naively as
the entry frequency into the LIGO band). The mass variable in the gravitational wave calculation
is the binaries ADM mass (for a non-spinning binary):
MADM = M
[
1− η
2
γ +
η
8
(1− η)γ2 +O
(
1
c6
)]
, (4.29)
where γ = GM/rc2 is an expression of the PN parameter of the system. TheH(p/2)+,×(ψ, cos i, sin i, lnx)
terms are the specific expansion coefficients, and are dependent on the auxiliary phase variable ψ,
and the inclination of the binary i (not to be confused with the imaginary number i used earlier).
The log terms of the frequency variable first occur at 3PN in the gravitational waveform. For the
explicit terms, see equations 322 and 323 of (Blanchet, 2014).
4.4 Comparing to T4
With the formulation of the orbital EOMs for the direct integration and Taylor T4 completed,
along with the corresponding gravitational wave calculations, we now turn to comparing the two
methods in the case when both should be valid, i.e., when the black holes are sufficiently separated
that PN can be taken, the eccentricity is zero (to compare to T4 which manifestly assumes zero
eccentricity), and the spins are zero, aligned, or counter-aligned with the orbital angular momentum
~L. To begin, we will define a consistent comparison for both T4 and the direct integration EOM,
and outline the steps needed to reduce to this comparison. We will then compare the orbital
frequency and other orbital quantities, then the waveforms generated by these systems.
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4.4.1 Eccentricity Reduction in the Direct Integration
For comparing to adiabatic methods such as Taylor T4, we need to be able to accurately
and reliably give quasi-circular initial conditions to the direct equations of motion. This is more
challenging than at first glance, because if we were to simply give Newtonian (or even PN) initial
conditions (detailed above), error on the order of the neglected PN terms would persist in the initial
trajectories. This would manifest as a spurious eccentricity and add undesirable dynamics into the
simulation.
We follow a simple procedure to remove this unwanted eccentricity. This procedure has been
developed to set up low eccentricity numerical relativity initial data (Pfeiffer et al., 2007; Buonanno
et al., 2011). We begin by modeling the inspiral as a simple superposition of two effects, the
(real) inspiral, which is a smooth decrease in the orbital separation as a function of time, and the
(unphysical) oscillation due to the spurious eccentricity.
We start with a simple assumption for the inspiral part and oscillatory part, namely:
dr
dt
= vinsp(t) +B cos(ωt+ φ). (4.30)
We take the inspiral model vinsp(t) to be a simple polynomial, which we can fit for vinsp(t) =
v0+v1t+v2t
2, and the oscillatory piece B cos(ωt+φ). With this model, we run the direct integration
method with the quasi-circular initial conditions detailed above, and fit the data with this model.
We can then subtract out the oscillatory piece, and iterate on this model as many times as we need
to attain good agreement. This is illustrated in figure 4.3.
Mathematically, this is taking the initial conditions r˙ and Ω, and after fitting the inspiral, we
update
r˙new = r˙old + ∆r˙ (4.31)
120
Chapter 4. Eccentric, Spinning Binaries
Iteration 1
Iteration 2
Iteration 3
0 500 1000 1500
19.5
19.6
19.7
19.8
19.9
20.0
t(M)
r(
M
)
Figure 4.3: The orbital separation as a function of time over three eccentricity removal iterations.
This example is for an initial separation of 20M , with equal masses and no spins. The removal
procedure is applied over the first three orbits of the binary, and clearly shows the oscillatory
behavior of r(t) decreasing as we apply this removal procedure successively.
and
Ωnew = Ωold + ∆Ω, (4.32)
with ∆Ω and ∆r˙ given by:
∆r˙ = −B cosφ, (4.33a)
∆Ω = −Bω sinφ
2r0Ω0
≈ −B cosφ
2r0
, (4.33b)
where r0 is the initial separation of the black holes, and Ω0 is the initial orbital frequency.
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Figure 4.4: The time derivative of the orbital separation as a function over eccentricity removal
iterations, for the same configuration as in 4.3. The oscillatory behavior in r˙ is the parameter that
we fit and remove in our eccentricity removal procedure.
4.4.2 Consistent PN Order in Taylor T4
The flux formula in T4 is higher order than what we can calculate in the EOM formalism. To
combat this, we need to tailor the T4 fluxes to a consistent PN order. From (4.42), we can see that
the leading order of v is a 2.5PN term. We can also see the series expansion in the flux is out to v7,
which is 3.5PN beyond leading order. The absolute PN order for the fluxes is then 6PN, which is
far beyond the highest order terms in the EOM formalism. To be consistent with our non-adiabatic
EOM formalism above, we must truncate the flux terms at leading plus next to leading order so
that the total re-expanded rational fraction is consistently 3.5PN, i.e.:
F(v) = 32
5
v10η2
{
1 + v2
(
− 1247
336
− 35
12
η
)}
. (4.34)
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Figure 4.5: Log of the residuals of r˙ in the eccentricity removal from the data and the model (4.30),
over the first three orbits of evolution to refine the initial conditions. This example is at an initial
separation of 20M , with equal masses, and no spins.
This is what we mean by a “consistent” PN order when we compare to the EOM in the following
sections. When quantifying comparisons, we will use the consistent PN order and the high PN order
(keeping the flux terms to 6PN) to track the effects of PN orders.
4.4.3 Quantifying the Comparison: Orbital Frequencies
With the orbital quantities from solving equation (4.24), and the direct EOM orbital quantities
from solving (4.8a), we can explore how to compare these to one another.
First, we need to give both codes the same initial conditions. This is achieved by using the
orbital frequency calculated for the EOM orbit initially (see equation (4.36) below), and setting
the initial frequency of the T4 code to the same initial value. This is simply done using the relation
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Ω = (v3/M), and solving for Ω. We also define the binary phase to start in the same location on
the orbit, i.e., the binary starts on the x-axis and the angular momentum is defined in the usual
right handed sense.
The first and most direct comparisons that we can make are with the orbital frequencies them-
selves. The orbital frequency via the Taylor T4 method is given by the second integration equation,
dφ/dt = v
3
M , as
dφ
dt = Ω.
When we talk about the direct EOM method, however, we need to be a bit more careful in how
we define the orbital phase. The EOM method directly outputs the trajectories and velocities, so
we can calculate the orbital frequency in the Newtonian sense:
Ω =
|~r × ~v|
r2
, (4.35)
which specify the orbital frequency given the orbital trajectories and velocities ~r and ~v. To contrast
this, we can use the alternate definition from PN given in (Blanchet, 2014) for no spins as
Ω2 =
M
r3
{
1 +
(
− 7
4
+ 14η
)
γ +
(
− 7
8
+
49
8
η +
1
8
η2
)
γ2 (4.36)
+
(
− 235
64
+
[
46031
2240
− 123
64
pi2 +
22
3
ln
(
r
r′0
)]
η +
27
32
η2 +
5
64
η3
)
γ3
}
+O
(
1
c8
)
,
where r′0 is a gauge constant that we set to 10, and γ is the post-Newtonian parameter (GM)/(rc2).
This allows us to quantify a post Newtonian order by dropping higher order terms and plotting the
differences.
For the following analysis, we are restricting to a non-spinning binary in a quasi-circular orbit,
that starts in the same initial position for the evolutions of the binary with both Taylor T4 and
our direct EOM integration.
We give the results of these different PN orders in figures 4.6, 4.7, and 4.8. We can see im-
mediately that they follow a strict hierarchy of decreasing relative difference as the PN orders are
increased, which is a good initial sanity check. We also note the definitional difference in the orbital
frequency accounts for roughly the same order error as the 3PN term (which is reassuring, since
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the orbital frequency is given to 3PN order in the alternate PN definition stated above). There is
a curious thing happening at the initial separation r = 50M , where the definitional discrepancy is
larger than the 3PN error. This is explained in figure 4.9, where it becomes apparent that the 3PN
term has a zero crossing, which is responsible for the 3PN error being lower than the definitional
discrepancy. This zero crossing is directly dependent on the gauge term in (4.36), and can be
shifted at will for different choices of r′0.
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Figure 4.6: The relative error of the orbital frequencies as a function of time at different post-
Newtonian orders, starting the binary at an orbital separation of 20M . The orange line is the 3PN
term in equation (4.36) minus the Newtonian term, normalized by the 3PN term, so the leading
order PN error is 1PN. The green line is 3PN minus 1PN normalized by the 3PN term, so the
leading order is 2PN, and the red line is the 3PN minus the 2PN normalized by the 3PN term, so
the error is 3PN. The purple line is the relative error of the different orbital frequency definitions
for the EOM code, which lays below the 3PN error for the entire evolution. The blue line is the
relative error between the 3PN EOM code and the consistent PN order Taylor T4.
The relative difference of separate PN orders will give a measure of the error in terms of the
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Figure 4.7: The relative difference of the orbital frequencies as a function of time at different post-
Newtonian orders, starting the binary at an orbital separation of 50M . As in 4.6, the orange line
is the 3PN term in equation (4.36) minus the Newtonian term, normalized by the 3PN term, the
green line is 3PN minus 1PN normalized by the 3PN term, and the red line is the 3PN minus the
2PN normalized by the 3PN term, so the error is 3PN. The purple line is the relative error of the
different orbital frequency definitions for the EOM code, which for this separation lies above the
3PN error for the entire evolution. The blue line is the relative error between the 3PN EOM code
and the consistent PN order Taylor T4.
PN order. We can use this to quantify any comparison in terms of the orbital frequency PN order,
and to check the PN scaling of the discrepancies of T4 and the EOM methods.
What we find is a strong scaling as a function of separation. When the binary is closely separated
(r ≤ 12M), the discrepancy is greater than 1% after an initial discrepancy below the 3PN line. As
the binary inspirals, the discrepancy grows, crossing the 2PN line after a short amount of evolution
(t ∼ 3000M), and crosses the 1PN line after (t ∼ 10800M). When we look at larger separations of
50M , we see again this same trend of a sharply scaling function of separation, but in this case, it
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Figure 4.8: The relative difference of the orbital frequencies as a function of time at different post-
Newtonian orders, starting the binary at an orbital separation of 100M . As in 4.6 and 4.7, the
orange line is the 3PN term in equation (4.36) minus the Newtonian term, normalized by the 3PN
term, the green line is 3PN minus 1PN normalized by the 3PN term, and the red line is the 3PN
minus the 2PN normalized by the 3PN term, so the error is 3PN. The purple line is the relative
error of the different orbital frequency definitions for the EOM code, which for this separation lies
above the 3PN error for the entire evolution. The blue line is the relative error between the 3PN
EOM code and the consistent PN order Taylor T4.
stays below the 2PN line. When we look at the 100M case, we find that the discrepancy between
the T4 and EOM codes again stays below the 2PN line, but with a lower relative difference.
Of course, to demonstrate that this is indeed a PN scaling and not another effect, we need to
show that the relative differences between the PN orders scale as the proper powers of rs when we
look over a large range of separations. We do this in 4.9. This figure shows the relative differences
scaling as a function of separation. In each case, we fit a best fit power law to the line, and record
the slope. The slopes that we find scale with orbital separation rs, where the slope s is measured
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for the individual relative errors. We find that the 1PN error scales with separation as s ≈ −0.976,
the 2PN error scales with separation as s ≈ −1.9995, the 3PN error scales with separation as
s ≈ −4.002 at close separations (r ∼ 12M), and s ≈ −2.7577 at far separations (r ≈ 1000M).
The 3PN error doesn’t scale as s ≈ −3.0 because of the gauge dependent logarithm term. When
looking at separations that are even farther out than r ≈ 1000M , like r ∼ 1000000M , we find that
the slope approaches the correct PN scaling of −3. The scaling of the different PN definitions is
also tracked here, and while there isn’t a clear power law trend on this plot, we do note that the
definitional discrepancy falls at or below the 3PN line (except for the special case around 50M),
so we can say from this that either definition is acceptable in the EOM code. For our purposes,
we will use the geometric definition of Ω = |~n× ~v|. When we measure the scaling of the T4-EOM
relative error in figure 4.9, we find it is s ≈ −4.545. This does not obey any obvious PN scaling, so
we do not attribute this discrepancy to the PN order.
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Figure 4.9: Tracking the PN order of the orbital frequencies as a function of time. We measure the
slope of the functional form of the orbital frequency (in solid), through the evolution data (points)
for the orbital frequency PN scalings. The T4-EOM comparisons are obtained by fitting the data
to a simple polynomial and over plotting the resultant fit function through the data.
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4.4.4 Quantifying the Comparison: Overlaps
With the orbital frequency analysis concluded, we now turn to calculating the waveform overlaps
between T4 and the EOM. We pick several fiducial separations, mass ratios, and spins (both aligned
and anti-aligned). The initial separations for which we choose to calculate the overlaps are 100M ,
50M , and 20M , with mass ratios of 1, 2, 10, and 100. The spin parameters that we pick are
χ1 = {0, 0.3, 0.6, 0.9} and χ2 = {0, 0.3, 0.6, 0.9,−0.3,−0.5,−0.6,−0.9}, at separations of 50M and
100M .
We calculate the overlap and maximize over time and phase (e.g. Buonanno et al. (2009)), by
calculating the inner product space in the frequency domain
(h1|h2) = 4 max
tc
∣∣∣∣ ∫ fhigh
flow
h∗1(f, tc)h2(f)
Sn(f)
df
∣∣∣∣. (4.37)
The maximization over time is handled by maximizing over the time shift of the waveform tc, and
the phase maximization is handled by the shifting of h1 in frequency space. The low frequency
cutoff on the integration is set to a reasonable frequency for a detector (for this analysis we set the
low frequency cutoff to 10Hz, which is a reasonable if a bit ambitious lower frequency bound for
LIGO). The high frequency cutoff is not set, to capture the maximum overlap of the waveform if
the endpoint is not exactly set to the same frequency.
We then normalize (using the euclidean norm) over h1 and h2 to obtain the overlap:
O =
(h1|h2)
Norm(h1)Norm(h2)
. (4.38)
The results are tabulated in the table 4.1. We keep all of the parameters that we used to
calculate the overlaps in the table: the initial and final separations, the mass ratio, the aligned
dimensionless spin values χ1 and χ2, the total simulation time in units of M , the number of orbits
the waveform spanned, the time step of the overlap calculation, and finally the maximized overlap
for both the T4 to EOM comparison at a consistent PN order (3.5PN), and also at the highest T4
order (6PN).
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We see that the overlap is a strong function of the orbital separation: as the separation increases,
the overlap increases from a bad overlap at 20M of only O ∼ 0.8 to an overlap of O ∼ 0.99999
at 100M . In addition, as the mass ratio increases, the overlap also increases. For example, at a
separation of 50M , holding the spins of the individual black holes to zero, we increase in overlap
from O ∼ 0.98 at q = 1 to O ∼ 0.99999 at q = 100.
When we move to explore the spin parameter space, we hold the mass ratio fixed and compute
the overlaps for separations of 100M and 50M . As the spin parameter increases in value to higher
positive χ effective (χ effective is the spin values projected along the orbital angular momentum),
the overlap goes down, at 50M , from O ∼ 0.995 at spins of zero, to O ∼ 0.99 at a high positive χ
effective.
When the spins are anti aligned with each other, keeping the effective spin zero, the overlap
stays fairly constant, but increases slightly, with the χ1 = 0.9, χ2 = −0.9 having an overlap of
O ∼ 0.999.
A final discussion point is to highlight the effects of PN at higher order with T4, specifically
when we add higher order radiation reaction flux terms. The high-order T4 generically differs in
overlap from the consistent order T4 by 10−8 at 100M , 10−5 at 50M , and 10−3 at 20M . Though
the overlap difference increases as the separation decreases, the PN effects at 4PN do not account
for the discrepancy of the overlaps between T4 and the direct integration EOM.
In addition to the results we tabulate below, we perform stability tests on the overlap between
T4 and the EOM by inputting a small x-component perturbation to the two spin vectors, which will
cause a small amount of spin precession. Specifically, we give the spin vectors ~S1 = (10
−4, 0, 0.3),
and ~S2 = (−10−4, 0, 0.3), and we run the same overlaps with the consistent T4 method and also
run the overlap with the EOM code with no x-component perturbation to the spins. The overlaps
that we obtain are OT4−EOM = 0.983693663044, which is exactly the overlap that we obtain when
running without the x perturbation. This is easily verifiable by redoing the overlap analysis with the
EOM code with and without the perturbation. We obtain an overlap of O(EOMpert−EOM) = 1.0,
which clearly shows that a perturbation to the spin directions do not affect the overlaps.
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We also visualize this data in a different way in figures 4.10 and 4.11.
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Figure 4.10: A visualization of the data in table 4.1, where we have suppressed all of the spin
overlaps, and plot the initial separation vs the log of the mass ratio, with the color scale indicating
− log10(1 − O). This overlap was done over the shortest evolution, at 20M the simulation ran
for only 20 orbits, so the rest of the overlaps were calculated for 20 orbits to give an accurate
comparison. This parameterization of the color scale leads to the darker colors indicating a better
overlap (the number of nines is indicated on the scale).
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Separation [M ] Aligned spins Duration Overlaps O(T4− EOM)
rinitial rfinal q χ1 χ2 t [M] orbits dt [s] T4consistent T4high
100 99 1 0 0 318429.8 ∼ 50 1.09061× 10−3 0.99999065 0.999990644
100 99 1 0.3 0.3 318429.8 ∼ 50 1.04527× 10−3 0.99993352 0.999933512
100 99 1 0.6 0.6 318429.8 ∼ 50 1.04527× 10−3 0.99983625 0.999836244
100 99 1 0.9 0.9 318429.8 ∼ 50 1.04527× 10−3 0.99971069 0.999710688
100 99 1 0.3 -0.3 318429.8 ∼ 50 1.04527× 10−3 0.99998949 0.999989489
100 99 1 0.6 -0.6 318429.8 ∼ 50 1.04527× 10−3 0.9999856287 0.9999856265
100 99 1 0.9 -0.9 318429.8 ∼ 50 1.04527× 10−3 0.99997797 0.9999778678
100 99 1 0.9 -0.5 318429.8 ∼ 50 1.04527× 10−3 0.9999415165 0.9999415133
100 99.1 2 0 0 318480.2 ∼ 50 1.045439× 10−3 0.99999283 0.999992828
100 99.7 10 0 0 318701.62 ∼ 50 1.04617× 10−3 0.9999991669 0.9999991668
100 99.95 100 0 0 318833.8 ∼ 50 1.0466× 10−3 0.9999999893 0.9999999893
50 47.2 1 0 0 114043.4 ∼ 50 3.90593× 10−4 0.994904572 0.994898471
50 47.2 1 0 0 114049.1 ∼ 50 2.246257× 10−4 0.994797482 0.994791317
50 47.3 1 0.3 0.3 114043.4 ∼ 50 3.74357× 10−4 0.983693663 0.983675238
50 47.3 1 0.6 0.6 114043.4 ∼ 50 3.74357× 10−4 0.969583498 0.969553474
50 47.4 1 0.7 0.7 114043.4 ∼ 50 3.74357× 10−4 0.981885223 0.981867878
50 47.4 1 0.8 0.8 114043.4 ∼ 50 3.74357× 10−4 0.991724021 0.991717488
50 47.4 1 0.85 0.85 114043.4 ∼ 50 3.74357× 10−4 0.992601112 0.992597499
50 47.4 1 0.9 0.9 114043.4 ∼ 50 3.74357× 10−4 0.990197785 0.990190154
50 47.4 1 0.95 0.95 114043.4 ∼ 50 3.74357× 10−4 0.984804119 0.984791162
50 47.2 1 0.3 -0.3 114043.4 ∼ 50 3.74357× 10−4 0.995280388 0.995274373
50 47.2 1 0.6 -0.6 114043.4 ∼ 50 3.74357× 10−4 0.9971254502 0.997121275
50 47.2 1 0.9 -0.9 114043.4 ∼ 50 3.74357× 10−4 0.9988241423 0.998822279
50 47.3 1 0.9 -0.5 114043.4 ∼ 50 3.74357× 10−4 0.985182006 0.985164755
50 47.5 2 0 0 114095.5 ∼ 50 3.74528× 10−4 0.99467073 0.994667208
50 49.1 10 0 0 114299.9 ∼ 50 3.75199× 10−4 0.999489566 0.999489472
50 49.9 100 0 0 114395.1 ∼ 50 3.75512× 10−4 0.999994205 0.999994204
20 16 1 0 0 11965 ∼ 20 3.92762× 10−5 0.782932526 0.775227367
20 18.2 1 0 0 5982.5 ∼ 10 1.963812× 10−5 0.917453743 0.916892613
20 16.5 2 0 0 11979.2 ∼ 20 3.93229× 10−5 0.827044247 0.821830277
20 18.8 10 0 0 12050.8 ∼ 20 3.95579× 10−5 0.972718171 0.97255266
20 19.9 100 0 0 12087.1 ∼ 20 3.96769× 10−5 0.99919055 0.999190336
Table 4.1: The overlaps between T4 and EOM methods, documented for different separations, spin
vectors, and mass ratios, at both the consistent T4 flux order and the highest T4 fluxes available.
There are several interesting lines to pay attention to: as the spins increase in alignment, there is an
inflection point around χ1 = χ2 = 0.9, where the overlap drops then increases again. In addition,
at 50M separation, we increase the resolution of the timestep to probe the effects of numerical
resolution on the overlap calculations. We find no effect on the overlap of the waveforms due to
the timestep resolution.
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Figure 4.11: A visualization of the data in table 4.1, where we have suppressed the mass ratios
and initial separations, and plot the χ1-χ2 plane, with the color scale indicating − log10(1 − O).
The size of the dot indicates the initial separation, with the larger dots being 50M and the smaller
dots being 100M . These overlaps were run on waveforms with a simulation duration of 50 orbits.
This parameterization of the color scale leads to the darker colors indicating a better overlap (the
number of nines is indicated on the scale).
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4.5 Eccentric, Precessing Binaries
We now move on to the most generic systems of binary black holes, ones with non-unity mass
ratios, spin orientations, and eccentricities. Since this parameter space is very large, we will use
a fiducial example for a demonstration of the orbital and waveform quantities, and know that the
formalism is generic for any set of mass, spin, and eccentricity parameters (as long as the founding
approximations of the PN approximation aren’t violated, i.e. the black holes do not get so close
together that v/c is no longer much less than one).
For the following example, we follow (Rodriguez et al., 2018) to draw a fiducial binary from
the histograms that globular cluster simulations produce. Other than picking physically relevant
parameters we do not restrict ourselves to any particular parameters.
The system that we chose to evaluate is a binary with an initial periastron passage of 35M ,
an eccentricity of 0.4, a mass ratio q = 3/2, and spin parameter values of χ1 = (−0.3, 0, 0) and
χ2 = (0, 0, 0.3). The initial periastron passage and initial eccentricity were selected such that a
binary with masses comparable to detected LIGO sources (we use a total mass of 25 solar masses
in the analysis of the gravitational waveform later to dimensionalize the units) would fall just into
the LIGO band at periastron. The chosen spin parameters have low spin to lie in the physically
relevant globular cluster results, and are initially strongly misaligned to give lots of spin-spin and
spin-orbit precession.
The extrinsic parameters for the waveforms that we chose for this fiducial system are optimized
for ease. The distance from the source we set to be 500 Mpc (a redshift of ∼ 0.1, small enough to
not need to take cosmological effects into account), with the initial orientation set to (i0, ω0,Ω0) =
(0, 0, 0). This is referred to as the optimal orientation, where the binary is face on (inclination
equal to zero), the argument of periapsis is set to zero (as a definition), and the longitude of the
ascending node is equal to zero. The binary will then evolve from this initial state. It is important
to note that this initial orientation sets the detector frame relative to the initial binary (which we
set to start on the x-axis), which is is enough to specify the evolved orientation of the binary with
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respect to the fixed detector frame. These parameters are enough to completely specify the binary
that we are describing (though it will not give sky localization, as this set of parameters is only for
one detector, and a second detector would be needed for localization purposes).
We start by evolving this binary and plotting the orbital trajectories and spin vectors, given in
figures 4.12, 4.13, and 4.14. The eccentricity of the orbit is measured following equation (4.21), from
which we calculate the eccentricity in the beginning of the evolution as einit = 0.449 at efin = 0.266.
The discrepancy between the initial eccentricity in the code and the eccentricity that we calculate is
surprising, and an area that I am still actively investigating. The first thing that I looked into is the
geometric definition in the literature. The two previous papers that use this geometric definition
are (Levin et al., 2011; Csizmadia et al., 2012), and it is called a loose definition. So a discrepancy
may be expected. My current thinking is the discrepancy is due to a fault with the eccentricity
definition itself, as this geometric definition is picking up the 1PN periastron precession term along
with the physical eccentricity. To test this, I ran a Newtonian simulation with the same eccentricity
and calculated the eccentricity vector, equation (4.18), and used it as a point-wise proxy for the
geometric definition. For a Newtonian orbit, it tracks the eccentricity correctly, but when the 1PN
terms are introduced, the measure is not as good, and modulates between ∼ 0.3 and ∼ 0.44, which
is close to the maximum eccentricity we observe here.
The eccentricity reduction can be observed fully in the orbital separation as a function of time
as given by (4.12), and has a reduction of ∼ 40% over the evolution.
With the orbital quantities, we can calculate the waveforms as well, using the waveform prescrip-
tion in section 4.3, using the quadrupole formula up to 2PN corrections. The results for the plus
polarization are tabulated in the following figures 4.15, 4.16, and 4.17. We use the plus polarization
to show the results, because the cross polarization will be similar in form.
We calculate the initial and final periastron and apastron gravitational wave frequencies directly
from the waveform as opposed to an approximate gravitational wave frequency from the orbital
frequency in order to be as accurate as possible in the calculation of the gravitational wave frequency
for the entry into a relevant detector (such as LIGO).
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Figure 4.12: The orbital separation as a function of time for the fiducial system that we lay out
above. The binary has an initial periastron passage of 35M , an initial eccentricity of 0.4, a mass
ratio q = 3/2, and initial spin parameter values of χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The orbital
eccentricity as the binary evolves is calculated from equation (4.21).
The spin precession frequency is calculated in the same way as the periastron and apastron
frequencies by the peak to peak calculation on the waveform. This is not an exact calculation for
this frequency, as the spin precession has some ambiguity in the waveform. Since one needs to
be able to define the peak in the precessional modulation, this may off by an orbit or two. For
the purposes of these calculations, we use the peak amplitude in the waveform for each larger spin
precession modulation, getting a value of 0.1 Hz.
An interesting note with these calculations is that the peak periastron frequency actually drops
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Figure 4.13: The individual components of the trajectory as a function of time in the center of
mass variables for the fiducial binary system that we outlined above. The binary has an initial
periastron passage of 35M , an initial eccentricity of 0.4, a mass ratio q = 3/2, and initial spin
parameter values of χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). Note here the spin orbit coupling giving
rise to a non zero z component of the orbital motion.
with time. This appears to be an artifact of averaging over half an orbit. The period in the
later stages of the orbit are cleanly broken up into periastron and apastron frequencies. Also, it is
expected that the sharp periastron will smooth out as the binary circularizes.
Finally, there are several relevant detectors for this fiducial source. The periastron frequency
passage is at the threshold of detectability for LIGO/VIRGO at design sensitivity; it will fall into
the band for future LIGO upgrades such as A+; and third generation detectors will have both the
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Figure 4.14: The individual components of the total spin vectors as a function of time for the
fiducial binary system that we outlined above. The binary has an initial periastron passage of
35M , an initial eccentricity of 0.4, a mass ratio q = 3/2, and initial spin parameter values of
χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The spin-spin coupling leads to the spins precessing about
the total angular momentum.
periastron and apastron frequencies in band.
The precessional frequency will be detectible by planned space based detectors such as either
the eLISA mission or the full LISA mission, though the source outlined above will be too weak for
detection, these frequencies are in band if a nearby binary happens to have these parameters.
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Figure 4.15: The plus polarization of the waveform starting with an eccentricity of 0.4, and the
spin vectors χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The x-axis is time in seconds, where we have
dimensionalized the units by using a total binary mass of 25 solar masses. The y-axis is dimension-
less strain δL/L, where we have calculated the strain with a distance to the source at 500Mpc, and
and optimal orientation of the binary. See 4.5 for discussion on initial conditions. The measured
initial frequencies are 3.3Hz at apastron, and 17.3Hz at periastron. See 4.16 for zoom windows and
more discussion. The measured end frequencies are 8.8Hz at apastron and 14.8Hz at periastron.
In addition, the spin precession frequency of the gravitational wave are roughly 0.1Hz.
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Figure 4.16: A zoom plot of the eccentric waveform of the initial few orbits. The x-axis is time in
seconds, where we have dimensionalized the units by using a total binary mass of 25 solar masses.
The y-axis is dimensionless strain δL/L, where we have calculated the strain with a distance to the
source at 500Mpc, and optimal orientation of the binary, as discussed in 4.15. The initial apastron
and periastron frequencies are calculated by a peak to peak average of the waveform strain, which
is equivalent to an average over 180 degrees of the orbit. The apastron frequency that we calculate
is 3.3Hz, and the periastron frequency is 17.3Hz.
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Figure 4.17: A zoom plot of the eccentric waveform of the final few orbits. The x-axis is time in
seconds, where we have dimensionalized the units by using a total binary mass of 25 solar masses.
The y-axis is dimensionless strain δL/L, where we have calculated the strain with a distance to the
source at 500Mpc, and optimal orientation of the binary, as discussed in 4.15. The final apastron
and periastron frequencies are calculated by a peak to peak average of the waveform strain, which is
equivalent to an average over 180 degrees of the orbit, the same as the initial frequency calculation
in 4.16. The apastron frequency that we calculate is 8.8Hz, and the periastron frequency is 14.8Hz.
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4.6 Discussion
We have developed and constructed a direct integration of the PN equations of motion in the
harmonic gauge for the construction of eccentric binary black holes with arbitrary spins. This
work represents a major step forward for the modeling of these systems by extending known meth-
ods (such as Taylor T4, and the current LIGO scientific collaboration methods) to binaries that
evolve the spin procession equations and orbital motion equations for a fully generic waveform.
This formalism isn’t limited by eccentricity as the post-Keplerian eccentricity expansion models
(e.g. Gopakumar and Iyer (2002); Yunes et al. (2009); Huerta et al. (2014); Tanay et al. (2016);
Hinder et al. (2017)), and is capable of handling eccentricity along with spin precession (unlike
SEOBNRv3) (Pan et al., 2014).
We test the validity of this method by comparing to known results from the Taylor T4 method.
In particular, we look at the orbital frequencies produced by systems with the same initial condi-
tions, and compare. The results we find is that the relative difference in the orbital frequencies
is a strong function of separation, that doesn’t scale with a high order PN effect, and scales as a
function of separation as rs with s ≈ −4.5. This begs the question of what is causing this rapid
drop in relative difference as the separation is increased.
To investigate this, we need to consider what kinds of effects could be at play: this could be a
numeric effect (e.g., one of the codes isn’t calculating to the requisite precision, which is causing a
discrepancy at close separations where time steps are smaller); an eccentricity that is deviating the
orbit from quasi-circularity in the EOM code; or an effect of the adiabatic approximation breaking
down.
To test whether or not this is a numeric effect, we doubled the precision of both codes and re-ran
the test at 20M again, with the same results. Therefore, we conclude that this isn’t a numeric
issue. This is an eccentric effect, we ran the EOM code with different levels of the eccentricity
remover (which should, in principle, solve the quasi-circularity problem if indeed it is one), and
checked the relative differences. We find preliminarily that the residual eccentricity does scale the
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relative difference of the orbital frequencies, not quite one-to-one, and is removed by the iterative
eccentricity removal procedure. We will explore this more fully in future work. The final plausible
possibility is the adiabatic approximation breaking down at close separations, which leads to a
high discrepancy between the two methods. This is the most challenging possibility to eliminate.
The best method for tracing this is to orbit average all of the EOM code, essentially making it
adiabatic. We have done this for the lowest order Peters-Mathews test (0PN conservative terms,
with a 2.5PN radiation reaction term added), and find that this doesn’t seem to affect the evolution
at lowest order. Of course, to show that this is indeed unaffected in the general sense, we need to
go beyond the leading order evolutions and demonstrate this for 3.5PN. This is another area that
we are exploring and will be disclosing in future work.
We also compare the gravitational waveforms of T4 to EOM, maximizing over time and phase,
to give a quantification of the overlap. The results that we find are consistent with the findings of
the orbital frequency analysis: the overlap is a strong function of the orbital separation from 20M to
100M. This analysis will be redone in future work when we have the orbital frequency discrepancies
fully explored. The overlaps increase strongly as a function of mass ratio, with the best overlaps of
the waveforms we ran being at a mass ratio q = 100. In addition, we performed spinning waveform
overlaps to test the validity of the spins in the EOM code. We find that the spins do not modify the
overlap of the waveform when the effective spin of the binary remains zero, and drops the overlap
by about a percent when the spins are aligned and low spins (χ1 = χ2 = 0.3), to about two percent
when the spins are moderately spinning (χ1 = χ2 = 0.6). The overlap then gets better as the spin
gets stronger. We also tested the stability of the code to small perturbations in spin by giving
the EOM code a small non-zero spin unaligned with the orbital angular momentum, and found no
effect on the overlap.
Finally, we elucidated a fiducial binary system, with realistic parameters drawn from galactic
binary simulations, to demonstrate the flexibility and power of this direct integration EOM code.
We used initial conditions such that the binary would be in the very low frequency end of the LIGO
band at periastron, and let the binary evolve for 200 orbits. We then output the binary orbital
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trajectories, spins, and velocities. We recover the orbital plane precession of the binary due to
spin-orbit coupling, the spin-spin precession of the individual spins and spin totals, the eccentricity
reduction in the binary, and calculate the initial and final eccentricity of the binary using our
geometric definition. We take the orbital quantities and calculate the waveform, recovering the
eccentric signal imprinted on the outgoing gravitational radiation, estimate the periastron and
apastron frequencies of this radiation, and show the spin precession modulation that is also imparted
on the binary. We do this for an optimally oriented binary, but leave the code generic so that any
binary orientation can be used, providing us with a fully generic, precessing, eccentric binary
waveform.
4.7 Final remarks and Tabulated PN Terms
4.7.1 T4 Energy and Flux Terms
The energy and flux terms for the Taylor T4 method are enumerated in this section. These
terms are explicitly given in (Ajith et al., 2007).
For the purpose of defining the energy and flux, we define the spin parameters:
χ1,2 ≡ S1,2/M21,2,
χs ≡ (χ1 + χ2)/2,
χa ≡ (χ1 − χ2)/2. (4.39)
We also define χa and χs to be the components of the spin vectors perpendicular to the orbital
plane, χs ≡ χs · ` and χa ≡ χa · `, with ` being the unit vector along the Newtonian angular
momentum.
The energy term is:
E(v) = −Mηv
2
2
{
1 + v2
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)
+ v3
[
8δχa
3
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8
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3
)
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]
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with derivative
E′(v) = −Mηv
{
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. (4.41)
The Flux terms are:
F(v) = 32
5
v10η2
{
1 + v2
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12
η
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+ v3
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4
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9
+
227η
9
− 59
16
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]
+v6
[
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ln(4v)− 1712γ
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2
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(
41pi2
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16pi2
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]
+v7
[
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3024
+
21745piη
1728
− 16285pi
504
]}
, (4.42)
where γ is the Euler Gamma.
The transfer of energy from the orbit to each black hole in the binary is due to tidal heating.
It’s the absorption of gravitational radiation from the tidal distortion of each horizon due to the
tides of the other. In particular, the rate of change of mass due to tidal heating is (Alvi, 2001):
M˙(v) =
32
5
v10η2
{
− v
5
4
[(1− 3η)χs(1 + 3χ2s + 9χ2a) + (1− η)δχa(1 + 3χ2a + 9χ2s)]
}
. (4.43)
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5.1 Summary and Conclusions
In this dissertation, we develop and present analytic methods for constructing binary black hole
spacetimes with spins, as well as dynamics and gravitational waveforms from eccentric, precessing
binaries. This work is a major step forward for the modeling of the dynamics of spinning black holes,
both in the presence of matter, and in vacuum simulations with the most generic parameters. This
dissertation is divided into two main projects, each studying the effects of spins in binary black hole
spacetimes. In chapter 3, we use the post-Newtonian method in the harmonic gauge, up to 3.5PN
order, which we stitch to black hole perturbation theory in the inner zone, and post-Minkowski
theory in the far zone through a procedure known as asymptotic matching. In chapter 4, we
develop a post-Newtonian method for calculating eccentric, precessing binaries. These studies both
contain significant extensions to previous work. Aligned spin effects are included in the binary
black hole spacetime construction project, and we observe known effects such as the orbital hang-
up effect, which are absent in previous non-spinning analytic metric work (Mundim et al., 2014).
Eccentric and precessional effects in the PN orbital evolution and gravitational radiation models
are an advancement on currently utilized PN waveform models such as Taylor T4, SEOB models,
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and IMR models. We observe the drastic qualitative and quantitative differences in the waveforms
due to eccentricity and precession, and for the first time, compare those differences to other known
PN effects.
5.1.1 Validity of the Approximate Analytic Spacetime with Spins
We test the validity of our constructed analytic metric in several quantitative ways. We calculate
the norm of the Ricci scalar and show that it is comparable to the non-spinning case, and that it
doesn’t deviate much from an exact solution of the Einstein equations (i.e., R = 0). This metric
is valid on all hypersurfaces, and not for just initial data, as has been explored in previous work
(Gallouin et al., 2012). We test this by evolving the Ricci scalar in time. No spurious errors were
observed that would break down the metric faster than the expected breakdown due to PN theory.
The behavior we observe in the Ricci evolution is a smooth increase in the violation to the Einstein
field equations due to the slow motion assumption breaking down as the BHs inspiral, just as
expected.
We use an additional tool to our Ricci analysis to lend diversity, in the form of the Kretschmann
invariant (see equation (3.36)). It has several desirable features, in that it holds the error low in
the inner and near zones, and it is an invariant with a natural scale for comparison. This is helpful,
because the regimes of interest in this analytic metric for GRMHD studies are in the exact region
near the black holes, in the inner zone, near zone, and inner zone/near zone buffer zone.
5.1.2 Approximate Analytic Spacetime with Precession
The construction of an analytic, approximate spacetime with precessing black hole binaries
expands on our previous aligned spin work. The only difference from aligned spins is due to the
misalignment which leads to the spin precession. The matching order to which we carried out
this work was O[(m2/b)
3/2], whereas the leading order effect due to the spin precession arises from
the time derivatives of the 0th order coordinate transformation, and is estimated at an order of
O[|~χ2|(m2/b)2]. Therefore, the violations of the new approximate spacetime will be similar to the
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aligned spin violations. However, higher order matching will change this picture, as the coordinate
transformations from the asymptotic matching will have a completely different form, that cannot
be described by a simple extension of the nonspinning matching, due to the precession of the spins.
5.1.3 Comparison of the Direct Equations of Motion
We test the validity of the direct integration Equations of Motion with the Taylor T4 method,
both by comparing the orbital frequencies and the gravitational waveforms. We find the orbital
frequency difference is a strong function of separation that doesn’t scale with a high order PN effect.
We also compare the waveforms of T4 and the EOM method by an overlap, maximizing over time
and phase, to quantify the waveforms directly. To our knowledge, this is the first time that these
comparisons have been done in the literature, which is very important, as PN is a non-convergent
series, and as we saw, different approaches need not necessarily agree. We find consistent results
with the orbital frequencies, scaling strongly with separation. In addition, the overlaps increase
dramatically with mass ratio. The spin values don’t change the overlap qualitatively while the
effective spin is zero, and the overlap decreases by a few percent when the spins are aligned with
the orbital angular momentum.
5.1.4 Eccentric, Precessing, Binaries
To demonstrate the direct EOM code, we created a fiducial binary system with parameters
motivated by recent galactic binary simulations. The initial parameters were chosen such that
the binary would enter the LIGO band at periastron, with spin parameters chosen such that
the spins are misaligned to maximize the precession. The orbital plane precession of the binary
due to spin-orbit coupling, the spin-spin precession of the individual spins and spin totals, the
eccentricity reduction in the binary are all recovered, and we calculate the eccentricity of the
binary. We calculate the waveform from the orbital quantities, imprinting the eccentric signal onto
the waveform from the orbital quantities, and the spin precession modulation. We estimate that
the initial gravitational wave frequency at periastron of ∼ 17Hz, and an apastron gravitational
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wave frequency of ∼ 3Hz, which circularizes over the orbit to a final apastron gravitational wave
frequency of ∼ 9Hz, and a periastron gravitational wave frequency of ∼ 15Hz.
5.2 Future Work
Possible extensions to the spacetime project outlined in chapter 3. As soon as the approximate
PN equations of motion are complete, we can apply the orbital motion with spin precession, which
will allow us to extend the spacetime with precessing spins to dynamically evolve. This would make
it possible to use with GRMHD simulations to study gas dynamics in the circumbinary disk and
mini disks around each black hole with precessing spins for the most generic black hole evolutions
in the inspiral regime.
In addition, we can extend the matching to higher than first order (O[m2/b]) for more accuracy
in our spacetime. By carrying out the asymptotic matching to higher orders (O[m2/b]
2), following
the nonspinning work of (Mundim et al., 2014), we will be able to push down the error in the
buffer zones, which is the region of most interest for GRMHD simulations, and also pick up spin
dynamic effects, which will introduce spin terms into the coordinate transformations and allow for
precessional effects to enter into the matching calculations.
To expand on the work done in chapter 4, there are recent published papers pushing the EOM
in the harmonic gauge to the next highest order (O(4PN)), which we can implement for a more
accurate EOM (Bernard et al., 2018). The next step with the overlaps will be to test the effects
of eccentricity with the implemented eccentric waveform models that are available, such as the
eccentricFD model and eccentricTD model. We will then be able to re-run the overlap with eccentric
waveforms for a direct comparison of eccentric binaries. In addition, we’ll be able to compare to
precessional models such as SEOBNRv3, and IMRPhenomP, to directly quantify any differences in
the approach for the first time. These waveform models are currently implemented into the LIGO
scientific collaboration’s algorithm library suite (LALsuite), and we can incorporate our eccentric,
precessing method into LALsuite as well, for future use for detection searches. Another path that
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awaits exploration is to compare our approximate PN model directly to numerical relativity. This
will allow us to unambiguously compare our method with the exact solution to the relativistic two
body problem. After the comparisons are complete, we will be able to generate generic waveforms
in the early inspiral, which will allow us to stitch the PN regime to the numerical relativity regime
via waveform hybridization, for a fully complete, binary waveform model with eccentricity and spin
precession.
This is an exciting and interesting time to study binary black holes. In addition to the LIGO
detectors, which are entering their third observation run later this year, the third generation grav-
itational wave detectors are being planned and are getting underway. These detectors will be able
to see out to cosmological distances, and will pick up the vast majority of stellar mass binary black
hole coalescences in the universe, including any eccentric in-cluster mergers. The LISA detector
will also be launching in the next 20 years, which will open up the possibility of supermassive black
hole binary coalescence detections, which can also have significant eccentricity all through the LISA
band. The eccentric binary model that I’ve developed will be vital in the characterization of the
most generic black hole binaries that nature can provide.
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